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Abstract. Linear systemswhosecoezxcients have large uncertairties arise
routinely in nite elemen calculationsfor structures with uncertain geome-
try, material properties, or loads. Howeer, a true worst caseanalysisof the
in°uence of sud uncertainties was previously possibleonly for very small
systemsand uncertainties, or in special caseswhere the coexcients do not
exhibit dependence.

This paper presentis a method for computing rigorous boundson the solution
of sud systems,with a computable overestimation factor that is frequertly

quite small. The merits of the newapproad are demonstratedby computing
realistic bounds for somelarge, uncertain truss structures, someleading to

linear systemswith over 5000variablesand over 10000interval parameters,
with excellen boundsfor up to about 10%input uncertainty.

Also discussedare somecourterexamplesfor the performanceof traditional
appraximate methods for worst caseuncertainty analysis.



1 Intro duction

Linear systemsof equations are among the most frequerily usedtools in
applied mathematics. In realistic applications, the data erntering the coef-
“cients of these equations are generally uncertain. Since linear equations
becomenonlinear when coexcients are uncertain and becomevariable, tra-
ditional sensitivity analysisremainsvalid only for suxciently small errors.
Unfortunately, it is usually unclear whenthe errors are suxciently small for
its validity: For errors larger than someunknown, problem-degendert mar-
gin, sensitivity analysismay be seerely biased,sinceit doesnot accoun for
the nonlinearitiesin the problem.

The traditional remedyfor assessinghe accuracyof nonlinear computations
with uncertain data are Monte Carlo calculations. For problemsof signi cant
size,theseare expensiwe (and therefore usually quite incomplete) sincesim-
ilar computations must be done over and over again, many thousandtimes.
Moreover, by their nature, Monte Carlo estimates,which sampleonly a nite
number of scenarios,always underestimate the worst caseerror, and hence
are not fully reliable.

Alternativ essud asmonotonicity-basedmethods or local optimization meth-
ods underestimatethe worst caseaswell, sincethey alsosampleonly a nite
number of scenarios,although these are more carefully selectedand often
even exact. Howewer, their validity is also restricted to suzciently small
uncertainties, and the domain of validity is generally unknown.

Interval analysis (see, e.g., the introduction in [12] or the comprehensie
treatment in [10Q) is quartitativ e worst casesensitivity analysis. It provides
valid enclosuresf all quartities of interest, and thus can guarartee that the
worst casestill satis esall safety requiremerts.

In problems where safety is an issue, worst caseresults are needed. For
example, currernt safety regulation laws in civil engineeringrequire a worst
caseanalysis,and henceinterval techniques,although current practiceis still
Monte Carlo with its de ciencies.

For suzciently small uncertainties, where linear sensitivity analysis gives
reasonableresults since higher order corrections are negligible, traditional

certered forms give very accurate worst casebounds. Since naive certered
forms{ which do not take into account dependencen the coexcients { work
only for tiny uncertainties, we shav in Section2 how proper preconditioning
can signi cantly increasethe range of permitted uncertainties for accurate
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certered forms.

Large uncertainties imply large nonlinearities, and the certered form ap-
proad fails (seeSection 3). Thus, new methods are required which exploit
more structure in the equations. In Section4, we dewelop a new method for
the enclosureof solutions of linear systemsof the form

(K + BDA)u= a+ Fb;

where D is diagonal, and uncertainties are only in D and b. This includes
the caseof linear systemsarising in truss modeling.

In Section5 we discussvarious ways of obtaining so-calledinner enclosures
which can be usedto ched the quality of the bounds obtained. Section6

shawvsthat the nite elemen equationsfor truss structures satisfy all require-

merts of our new method. In Section7 we considersomeexamplesshoving

that the new approad givesexcellen results, even for large-scaleproblems,

at a fraction of the time typically neededfor Monte Carlo computations.

Notation:  Notation is as in the book by Neumaier [1Z]; in particular,
we use A = [A;A] to denote intervals (interval vectors, interval matrices)
and their bounds. widA = A A denotesthe componertwise width of
A . Inequalities and absolute valuesof vectors and matrices are understood
componertwise. kxk = kxk, denotesthe Euclidean norm of the vector x.
Ai T is the transposedinverseof A, A;. the ith row of A, A the kth column
of A, and 1 the identity matrix. In particular, 1; is the Kronedker symbol

K 2 R"" js called positive semide nite if x"Kx , 0 for all x 2 R", and
positive denite if x"Kx > 0 for all x 6 0.

2 Centered forms for worst-case uncertain ty

We considera linear systemK u = b with an uncertain square coexcient
matrix K and an uncertain right hand sideb. In most applications, one can
give exact parametric expressiongor the coexcients in K and bsud that the
uncertainty is only in an m-dimensionalvector x cortaining the parameters,
and takesa simple form.

In the present paper, we are concernedwith the casewhere the worst case
uncertainties are speci ed in the form of lower and upper bounds on the
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parameters. This resultsin a box x 2 IR" de ning the range of permissible
parametervectorsx. Thus we needto solwe a linear system

K (x)u(x) = b(x) (1)

for u(x) 2 R™, wherethe coexcient matrix K (x) 2 R™™ and/or the right
hand sidehb(x) 2 R™ depend on a parametervector x 2 X.

To solwe (1), we choosea certer xo and write
X=Xg+ S, S2S=Xj Xo: (2)

For an arbitrary preconditioning matrix C, we supposethat we can nd

enclosures X
CK(Xpt+s)2 Ko+ Kis foralls2s; 3)
|
X
Ch(Xg+ S) 2 co+ cs foralls2s; 4)
|
fug ) Koug 2 co for someKg 2 Kog 1 Ug: (5)
If an interval enclosure
3 x 4
il
KO + K|S| V1 J (6)
|
exists and
X :=J[cyi Kiug;::i;cni Knugl; (7
then
u(x) 2 ug+ X(xj Xo) forallx2x: (8)
In particular,
u(x) 2 u:=ug+ Xs forall x2 x: 9)

Natural choicesfor xo and C are the midpoint of x and the inverseof K (Xo),
respectively.

This is an improved form of the certered form enclosuredor generalimplicit
equationsgivenin Neumaier [9], in that the preconditioningin (3) and (4)
canbe doneon ead term of the sum separately(Neumaier [11]), which, as
alsoobsenedrecerly in [4, 21], frequertly improvesthe resulting enclosures.
In casethat the dependenceof K and bon x is linear, the K, and ¢, are thin
(real numbers), and the above method is closelyrelated to that of Skalna
[22 23] and Popo va [15, 16].



From an enclosure(8), it is possibleto get componertwise overestimation
boundsfor the range of u(x) over the box x. We quote the following result
from Neumaier [13.

The Hausdor® distance of two intervalsa;b 2 IR is the number
dist(a;b) := max(jai bj;jai b);

the mignitude hai and the zerolength zlaofa2 IR are

(

hai := minfjajja2 ag= O. !f02a;;
min(jaj; jaj) if 062a;
(
jaj if 02 a;

zla:= widthfiajja2 ag= =~ . .
jai & if 062a:

Forx 2 IR" and X 2 IR™" we denedistx 2 R", xi 2 R" and zIX 2
Rm£n by

(distx); = distx;; hxij = hxji; (2 X)ik = zI X

2.1 Theorem. Letu:x nu R"! R™ be a function satisfying (8) for some
certer Xxg 2 X. Then

u:=fuX)jx2xgu ug+ X(Xi Xo)=: u® (20)

and
dist(u;u9 - 2radug+ (zZIX)jx i Xoj (11)
0- radu®j radu - 2radug+ 2(radX)radx: (12)

Note that (12) implies the lower bound of
w = sup(O;wid u®; 2widugj 2(widX) wid x) (13)
for the width of the solution.

The boundsfrom (1) can be assessedvith this theorem; for many systems
with small uncertainties, the bounds have a good quality, as certi ed by a

small value of
_ max;(2radug + 2(radX) radx); .

rad u®
Since (12) implieswidu , (1 ¢)widu® the condition q ¢ 1 is a sign of
high quality.

(14)

Note that the improved enclosuresonstructedlater in this paper are certered
forms, sothat the above computable overestimation results apply.
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3 Limitations of centered forms

For larger uncertainties, dependenceproblems frequertly degradethe per-
formance and may make it even impossibleto compute the enclosure(6)
required for the construction. In this section,we analyzethis in more detail
for a particular classof problems.

In many applications (e.g., those to truss structures), the matrix K (x) is
symmetric and positive de nite (and hencenonsingular) for all x 2 x. Un-
fortunately, howewer, this property does not always extend to the interval
matrix to beinvertedin (6). Indeed,if the parameteruncertairties are large,
this interval matrix frequertly cortains singular matricesalthough the prob-
lem (1) is well-conditioned for all x in the assumeddomain. We discussa
simple exampleof spurioussingularity, in which everything can be calculated
analytically.

3.1 Example. We considerthe uncertain linear system(1) with

1 1
K(X):Hx1+x2x1i X2 x2x:u[1i Hl+t ; b(X):u6

1 (15
X1i X2 X1+ X2 [1i £1+ 4 (15)

The ertries of x are subject to independert relative errorsof +, correspnding
to a relative uncertainty of 2+

ForO- +£< 1,wehavedetK (x) = 4x;X, > Ofor all x 2 x, hencethe system
is solvable. The solution set is easily seento consistof the vectorsu 2 R?
with

Up= Up=3=x: 2 31 £1+4=[351+1);351 D)];

hencethe optimal enclosurehasa width of
Wopt = 3=(1i ) j 3=(1+ 1) =61 ).

For £ = 0:5 the optimal enclosureis u; = u, = [2;6], but the approadh
discussedin t?qt previous section fails to give an enclosure. Indeed, with

Xo= midx =, we have
u T
[i 0:5;0:5] 11
= - C= K(xo)il= 11:
[i 0:5:0:5] ' (Xo) 2=
1ol o5 o5 H 05 o5
Ko= , Ky= o K= o
01 05 05 i 05 05



and

H T |
Ko+ KiS;+ KaSp = [0:5;1:5] [i 0:5;0:5]
[i 0:5;0:5] [0:5;1:5]
: : : H 05 O:Sﬂ
cortains the singular matrix
05 05

For £ < 0.5 the approad of the previous section gives, with the optimal
enclosure

B T AL A ST
S N T YL IR YR I YO
TR
poO i 3
— : _ C Ab+ 24217
X 00 P= T Zi[ll A+ 245 1],

Up=up;=[3j 31 2¢);3+ 31 2D

The width w = 62=(1 2t) is nearly optimal for small + but blows up as+
approadesO:5.

In this toy example,failure occuredonly as the relative uncertainty 2+ ap-
proached 100%. In many realistic applications, howewer, the dimensionis
larger, and the samedizxcult y tendsto appear already for much smaller un-
certainties, often below the 1% level. Theseapplications therefore call for a
modi ed approad, which exploits special properties of the equations.

In this paper we look at equationsderived from typical structural medanics
problemsbasedon nite elemen calculations. In many nite elemen prob-
lems, the only uncertainty in the coexcient matrix is in the elemen sti®ness
coexcients x,. For example,in a truss structure, it will be shavn in Section
6 that

X = Eja=L, > 0; (16)

wherel is the elemen index, E, the Young modulus characterizing the elas-
ticity of material of the Ith bar, a its crosssectionareaand L, its length. In
general,the coexcient matrix dependsboth on the elemen sti®nesscoez-
cierts and on lengths and angles,but if the geometryis assumed xed then
the dependencetakesthe simple form

X
K(x)= xaa (17)
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with "xed and extremely sparsevectorsa,. We may rewrite (17) as

K(x) = ATD(X)A; (18)
where 0 1
a
A= %) : 53; D(x) = Diag(X1;:::;Xm): (29)
T

am

A is a sparserectangularmatrix, and D (x) is diagonalwith positive diagonal
ertries. It is therefore clear that (18) is positive de nite wheneer A has
rank n, wheren is the number of columnsof A. This is always the casefor
geometriesof practical interest. Clearly, it requiresthat m ;| n.

In the following, we shall derive bounds for the solutions of linear systems
that utilize the special structure (18).

4 lterativ e enclosures

In this section we consider an iterative method to generateand improve
boundson the solutionsu of uncertain linear systemsof the form

(K + BDA)u= a+ Fb; (20)

with uncertaintiesin D and bonly. The following discussion(until (32)) holds

without further structural assumption. Howeer, the quality of the enclosures
is known to be superior only in the specialcasewhereD is diagonal,and may

be poor in other special cases.(For example,a refereepointed out that the

caseA = B = | givesnothing new.) It is expectedthat the enclosuresare

alsogood in caseD is block diagonalwith diagonal blocks small compared
to the matrix size,if the boundsrequired in the following are adequately
constructed.

4.1 Theorem. Let Dy 2 R" " be sud that the matrix K + BDyA is in-
vertible, and put
C:= (K + BDA)I & (21)

(i) The solution u of (20) is relatedto v := Au by the equations

u= Ca+ CFb+ CBd; (22)
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v=ACa+ ACFb+ ACBJ; (23)

where
d= (Doj D)v: (24)

(i) If there are vectorsw , 0, w°> 0 and w®sud that

w®- wij jDoij DjjACBjw; w® jDyi DjjACa+ ACFH; (25)

5

then 00

d2d:=[j ®w;Rw];, ®= m_ax%: (26)
! i
Proof. (i) Equation (22) follows from
CBd= CB(Dgj D)Au= C(K+BDoA)uj C(K+BDA)u=uj C(atFb);
and multiplication with A gives(23).

(i) We put
= maxjdij=w
|

and note that jdj - ~ w, with equality in somecomponert i. The de nition
of ® implies w®. ®&w°. Henceby (23){(25),

jd = j(Dgi D)(ACa+ ACFb+ ACBJd)j
jDoi DjjACa+ ACFhL + jDoj DjjACBj w
wo% T(wi w9 - ®wl+ T(wi wo:

Thus "w; = jdij - ®°+ “(w; | W), hence”w?- @’ Sincew’> 0, we
concludethat - ®, and (26) follows. t

We now assume
D2D; b2b (27)

asinterval boundsfor the data uncertairties. Since(25) implies that w®> 0
if w> 0and Dy is closeenoughto D, we take D asthe midpoint of D, and
w, e.g.,asthe vector with all ertries one. Then (25) is satis ed with

w:= wij jDoi DjjACBjw; w»= jDyj DjjACa+ ACFbj; (28)

If w®> 0 then the enclosure(26) is valid. If this is not the casewe may
compute the largesteigervalue ¥2(= the spectral radius) of the matrix

M := jDoi DjjACBj: (29)
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If 2< 1, any w > 0 suzciently closeto an assaiated eigervector makes
w®> 0. In practice, onewould run a Lanczositeration and stop as scon as
an intermediate eigervector approximation w > 0 satis esMw < w.

With this or anotherinitial interval enclosured for d (neededwhenw?is not

strictly positive), one can useinterval arithmetic in the three formulas (22){

(24) to get enclosuresu for u, v for v and a generally improved enclosure
for d. The enclosurescan be further improved by iterating this, and by

intersecting with the previously computed enclosures.It is clearly suxcient

to iterate the enclosuredor v and d, and compute the enclosurefor u when
the intersectedresults no longer improve signi cantly. Thus we iterate

v =f(ACa)+ (ACF)b+ (ACB)dg\ v; d=1f(Dgj D)vg\ d (30)
until somestopping test holds, and then get the enclosure
u:=(Ca)+ (CF)b+ (CB)d; (31)

for all u satisfying (20) for someD 2 D, b2 b. The bradcketing in these
formulasis done sud that interval calculationsdonein this order are likely
to give least overestimation. Of course,the expressionsn parerthesesneed
to be computedonly once.

In our experimerts, we stopped when the sum of the widths of the com-
ponerts of d did not improve by a factor of 0.999, but after at most 10
iterations.

Rounding errorsin the computations of the matricesC; CF; ACF;CB; ACB
neededfor the iteration are usually insigni cant comparedto the uncertain-
ties in the data but can be takeninto accoun using standard interval meth-
ods, without producing signi cant overestimation. (If C is ill-conditioned,
the data uncertainties most likely make the problem already ill-p osed.)

To get realistic bounds on quartities z = Z(u) dependert linearly or non-
linearly on the solution u of the uncertain linear system (20), one should
intersect the simple enclosurez = Z(u) with the enclosureobtained (using
(22)) from the certered form

z°= Z(CF midb) + (SCF)(b i midb) + (SCB)d:; (32)

whereS = Z[mid u; u] is a slope matrix for Z (cf. Kra wczyk & Neumaier
[5]). In patrticular, for linear combinations z = Su, we may use this with
S=8S.
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Note that the enclosureq31) and (32) are certered forms, sothat the com-
putable overestimation results of Theorem 2.1 apply.

The most generalcase(1) can be solved in a similar way if we can rewrite
K (x) in a certered form like fashion,

K (xo+ s) = K(xo) + B(s) Diag(s)A(s); B(s)2B; A(s)2 A
and
b(Xo + s) = b(Xo) + F(s)(Xi 2z); F(s)2 F:

In this caseonecanapply the precedingresultswith interval matricesB; A ; F
in placeof B, A and F.

Very large uncertain ties. If the uncertairties in D are very large, (28)
may give aw®which is not strictly positive. More precisely this must happen
whene\er the spectral radius of the matrix (29) is, 1. In this casewe need
to nd other conditions that enableusto computean initial enclosure.

We derive such enclosuresn the important specialcaseK = 0, B = AT of
(20), namely uncertain linear systemsof the form

ATDAuU = Fb; (33)

if, in addition to the assumptionsof the previoustheorem, D is symmetric
and positive de nite. (This is the case,e.g., in the applications to truss
structures.) Then

vIDv=v'c; wherec:= DyACFb: (34)
Indeed, vic = uTATD,ACFb = u"Fb= u"ATDAu = v'Dv. Thus the
following result can be usedto get enclosuredor linear combinations a'v of

ertries of v, provided reasonableenclosuredor Di ! are available.

4.2 Prop osition. Let D 2 R"™" be symmetric and positive de nite, and

supposethat v;c2 R" satisfy
viDv- vic (35)

Then, for any a2 R",

— P
ja'vi 1a'Di'lg - 1 a'Dilad¢c™Dilc: (36)
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Proof. (35) implies
k2D¥vi D' k= 4v'Dvj 4v'c+ c'Di'c. c'Dilc
hencethe Caudy-Sdwarz inequality gives
jalvi ia'Di'lqg = (D' *™a)T(2D¥v Di ¥%¢)
kD! ¥*2ak, ¢k2D¥2v | Di ¥*2ck,
kDi ¥2ak, c'Di ic;

which is equivalert with (36). t

By choosingin Proposition 4.2 for a all unit vectorsin turn, onegetsbounds
forv. In particular, for diagonalD, we getthe following simpleinitial bounds,
valid for arbitrarily largeuncertaintiesin D or b, aslongasD remainspositive
de nite.

4.3 Corollary . If (35) holdswith c2 cand D 2 D with diagonalD and all
D; > Othen, for all i,

Vi 2vi:=z=Dj; di2di:=((Do)i=Dii 1)z (37)

where

3 q v ,
1 . p— — .
Zi=5 G [i 1] jcij?(Li Di=D;)+ Di  jckj?=Dyy : (38)

Proof. We apply Proposition (4.2) with the ith unit vector asa, and nd
after multiplication with D that z := Djv; satis es

X
(2zi 6)* - D;c'Di'c=c+Dj  G=Dy
X kéi
¢+ Di  G=Dy
k6

X
= ¢(1i Di=D;)+ Di  G=Dy:
k

This implies z; 2 z;, and

di = ((Do)i=Dii i 1)zi 2 (Do)i =Dii i 1)zi:

This appliesto the solution of (33) with ¢ := (DoACF)b.
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4.4 Example. The linear system (15) treated already as Example 3.1 can
be written in the form (33) with

hyo T
A= 1 i1 ¢ D2D:=Diag([1lj £1+ 4;[1j £1+ 4]);
[
TR
6

F=1, b= 6

henceis tractable with the presen approad. The iteration (30) becomes
sp I

vV = g+d\v; d=(Doj D)v\ d;

and cornvergesfor both choicesof the initial enclosureto
T T
_MheeEai 9" Mresed=ai y
vV = ©od= .
0 0
This leadsto the solution enclosure
Uy = Uz = [3| 31:(1i i);3+ 31:(]_i i)]

whosewidth w = 6+=(1 %) overestimatesthe optimal width by a factor
1+ £ < 2 ewen closeto the singularity at + = 1. For £ = 0.5 where the
certered form failed already, we still getu; = u, = [0; 6] comparingwell to
the exact solution u; = u, = [2;6].

5 Inner enclosures and exact bounds

In addition to the (outer) enclosureof a solution set §, which is simply
a box cortaining §, and henceproviding worst caseguarartees, we de ne
an inner enclosure of 8 asa box Ujner sud that the projection of § to
ead coordinate givesan interval cortaining the correspnding projection of
Uinner- (Theseare not tolerance solutions, where one would require that §
itself cortains uy,.) By comparinginner and outer enclosuresone can get
an appraximation for the overestimation of the outer enclosureand for the
underestimation of the inner enclosure.

A simple way of getting inner enclosuress to take the interval hull of a -
nite set of points in 8§, computed by someheuristics, which selectssuitable
input scenariosfor the uncertain quartities, at which the problem is solved
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by a method for obtaining solutions for problemswithout uncertainty. The
traditional heuristicsis Monte Carlo simulation which simply takesuniform
samplesin the permitted parameter region. Improved heuristics are lo cal
optimization metho ds which solve for eat solution componert two local
optimization problemsto get at leastthe locally worst case the monotonic-
ity metho d of Rao & Berke [19], which takesastrial points all vertices
of the parameterbox, and the vertex sensitivit y metho d of Pownuk [17]
which takesastrial points only the verticesfor which the linear sensitivity
model to the midpoint solution would have beenworst case.

Often, the inner solution obtainedis simply takenasan appraximation of the
true worst casesolution, although the result may underestimatethe worst
case. If there is an independert way for producing outer enclosures,and
these outer enclosuresare closeto the inner solution computed by one of
thesemethods, this givesa demonstration of the quality of both inner and
outer enclosure. On the other hand, if the outer enclosureis much wider
than the inner enclosure,one or both of the enclosuresare poor.

Note that, under appropriate (method-dependert) monotonicity conditions,
the monotonicity method and the vertex sensitivity method produce the
hull of the solution set. Sometimes(see, e.g., Popova [14]) the required
monotonicity properties can be proved. Unfortunately, the known methods
for proving monotonicity, being basedon interval enclosuresof the gradiert
of the solution, su®erfrom the sameexcessie overestimation problems as
the interval solution itself, and typically fail in high dimensions.

The above methods are °exible and non-intrusive, sincethey can useexisting
software for solving problems without any adaptation. Howewer, they are
very slow: Reliable Monte Carlo simulation needsthousandsof trial points
to get a reasonableaccuracy the monotonicity method needs2" trial points
for an n-parameter problem, and the vertex sensitivity method, the fastest
one,needsup to 2N + 1 trial points, whereN is the dimensionof the solution
vector. Local optimization methods need2N optimizations, and hencemany
more trial points.

Although local optimization methods, the monotonicity method, and the
vertex sensitivity method are often exact at small uncertainty, they do not
always give exact bounds and may underestimatesthe worst case,even at
small uncertainties (though in the latter casethe underestimationis usually
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6.6

6.4~

6.2~

5.8

56

Figure 1. Boundariesof the solution setof (39) for £ = 0:05; 0:1; 0:15; 0:2; 0:25

only a tiny amourt). This can be seenfrom the example

X1+ Xo X2 ‘”UZUGOﬂ_ 2

X2 X1+ Xo 61

u[1iir;1++

[5i 5+ % (59)

St

drawnin Figure 1. Hereu, ismaximal at x; = 1j +=5, X, = 5j #, which isnot
a corner, hencethe monotonicity method and the vertex sensitivity method
fail for every + > 0. Moreover, sinceu; hastwo di®eren local minima for
every +> 0, alocal optimization might get stuck in the nonglobalminimum.
Note that the exampleis of the form K (x) = x;K 1 + X2K, with symmetric,
positive semide nite K 1; K,, which is typical for many applications.

On the other hand, the monotonicity method can be proved to give exact
boundsin a special case:

5.1 Theorem. If the linear system
(K + B Diag(x)A)u(x;b) = Fb; x2x; b2 b (40)

is uniquely sohable for all x 2 x then the extremal valuesof any componert
uk(x; b) of the solution of (40) are attained at verticesof the box x £ b.

Proof. It is well-known that uy(x; b) is monotonein ead componert of by
thereforeb is a vertex of b. We now shaw that uy(x; b) is also monotonein
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ead componert x; of X, proving the claim. Indeed, x x 2 x andb2 b, and
write
a' .= Aj;; d:=Bj; D := Diag(x);
u:= (K + BDA) Fb; c:= (K + BDA)! d:
If we modify x; to x; + + while Xxing the other componerts, we get a new
vector x° and the corresmnding solution u®= u(x%b) satis es

(K + BDA)UW’+ +da'u’= Fb
and hence
u’+ #ca' u’= u:
It is straightforward to ched that, aslong as the denominator is nonzero

(which is necessaryfor unigue sohability), this equation is satis ed by the
vector

+a'u
R .
ud®) = uj T+ cC
Hence ; ; .
Uk o — Ofa) — - au :
— (X% = —uldD = | ————=Gc:
ax 0= U = T e

Sincethis hasconstart signfor all £, the componert uy(x; b) is indeedmono-
tone in X;. t

As shown in the next section, the hypothesisof the theorem is satis ed in

applicationsto truss structures whenonly sti®nesscoetcients are uncertain

and vary independertly. But the cheaper vertex sensitivity method may fail

(i.e., produce only a proper inner enclosureof the hull rather than the full
hull) even under this hypothesis,as shavn by the example

Cxo1 M My sae s

1 x, 5 "% [2j x2+4

(41)
Hereu; = (2X, i 5)=(x1X»> i 1) hasa midpoint gradiert that points to the

upper right vertex of the box, but the largest value of u; is attained at a
di®eren vertex.

6 Truss structures

We implemerted the boundsderived in this paper for a classof medanical
‘nite elemen problems, namely truss structures with xed topology and
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geometry but uncertain elasticity, crosssections,and forces. Sud systems
lead to equationsof the form (20) with diagonal, positive de nite D, sothat

the precedingresults are applicable. Work on the implemertation of realistic
boundsfor other typesof nite elemen problemsis in progress[18].

It is well-known [24] that the sti®nesamatrix of a singletruss nite elemer
hasthe form

1
1 0; ;10
EeAe%OO oo§
K= ; 42
€ Le i10 10 (42)
00 00

where e is the label of an elemen, E. is the Young modulus of the eth
elemen, A is the area of cross-sectionof the eth elemen, and L. is the
length of the eth elemen. (The (m;n)-entry of K¢ is written as(Ke)mn; N0
tensornotation isimplied.) The ertries of this sti®nesgnatrix canbe written
as

EA
(Kemn = =8 = anXedn; (43)
e
where EA
a=(L0;j ,0)"; Xe= E = (44)
e
The global sti®nessmatrix K hasertries
X
Kij = (Ue)®j(ce)m®(Ke)mn (Ce)n(Ue)-i
e;@(_;m;n (45)
= (Ue)®j (Ce) m®8m Xeln (Ce)f (Ue)fi
e;®; ;m;n
wherethe matrix U, expresseshe relation
X
(Ue)i = (Ue)ij U (46)

J

betweenthe displacemets in the local coordinatesu, of the eth elemen and
the global coordinates u, and the C, are suitable rotation matrices. If we

de ne the matrix B with ertries
X

Bei == an(Ce)n (Ue)—i; (47)
n;
the equation (45) can be written as

X X
Kij = BejXeBei = By (LdeXe)Bei: (48)

e de
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Thereforethe sti®nessmatrix can be written in the form
K =B'DB (49)
with the diagonal matrix
D = Diag(X1; 35 Xne); (50)

where ne denotesthe number of elemens. Thus the sti®nessmatrix (49) is
preciselyof the form discussedabove, for which our methods apply.
Boundary conditions are taken into accourt in the matrices U,.

Speci ¢ truss structures can be descriked using for exampleANSYS [1] com-
mands. As an example,let us considerthe structure shown in the following
diagram.

AN NN N\

This structure is described by the following ANSYS Te.

IPREP7
ET,1,LINK1

zZ Z Z
wWN R
)
m OO

MP, EX, 1, 210E9

R, 1, 0.0025
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mmm
NE P
W w N

F, 3, FX, 1000

D, 1, UX, 0O
D, 1, UY, 0
D, 2, UY, 0

The meaningof the particular commandsis the following [2]:

PREP7 { enters the generalinput data preprocessor(PREP7). This com-
mand hasto be addedbeforeany preprocessorcommands.

Usage:/PREP7
ET { de neselemen types.
Usage:ET, ITYPE, ENAME

ITYPE is an arbitrary local elemen type number. ENAME is an elemen
name (or number) as givenin the elemen library. For exampleLINK1 is a
2D truss elemen.

N { de nition of a node.
Usage:N, nnode, X, y

wherennodeis the integerlabel of anode, x isits rst (horizontal) coordinate,
andy its second(vertical) coordinate.

MP { de nition of material properties (Young modulus).
Usage:MP , EX, nmat, E
wherenmat is the integer label of a material with Young modulus E.
R { de nition of other constarts (in this caseof the cross-sectiorarea).

Usage:R, nconst, A
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wherenconstis the integer label of a constant with value A.

MA T { identi es the label of the material (asspeci edin MP) to beassigned
to subsequetly de ned elemertts.

Usage:MAT, nmat

REAL { identi es the label of the real constart (as speci ed in R) to be
assignedo subsequetly de ned elemerts. Elemerts of di®eren type should
not refer to the samereal constart set.

Usage:REAL, nconst

E { de nition of elemers connectingtwo nodeswith labelsnl and n2
Usage:E, nl, n2

F { de nition of point forceson a node with label nnode
Usage:F, nnode, dir, F

wheredir indicatesthe direction of a particular force. (dir=FX in x-direction,
dir=FY in y-direction) and F is the value of the force.

D { de nition of a boundary condition on a node with label nnode
Usage:D, nnode, dof, val

wheredof is oneof UX,UY,UZ, and val is the value of the x, y, or z coordinate
of the node.

In a similar way it is possibleto descrile interval parametersin a separate
“Te sincewe usecommandsnot in standard ANSYS.

MP { de nition of interval material propertiesin percert (Young modulus)
Usage:MP , EX, nmat, uncertainty in percen

R { de nition of the uncertainty of other constarts (in this casethe uncer-
tainty of the cross-sectiorarea)

Usage:R, nconst, uncertainty in percen

In both casesan uncertain number s with k% uncertainty is taken to vary
in the interval s = [sj sk=20Q s + sk=200]whosemidpoint is the nominal
value and whosewidth is k% of the nominal value.
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The setof ANSYS commandswhich describe the particular structure canbe
createdby using a standard ANSYS GUI. Using this, we createdan ANSYS
interface to our implemertation of the algorithm in this paper, making it
possibleto generatetrus structures and the data for their description in
ANSYS, to calculate the interval solution using INTLAB [20], and to plot
the result in the ANSYS GUI. Two small, illustrativ e examplesare shovn

below.
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7 Truss examples

In this sectionwe discusswo bendimark examplesreparedby Ra Muhanna,
who also provided us with enclosuregproducedby the 'elemert-by-elemert’
technique by Muhanna et al. [6, 7], a technique specially designedfor -
nite elemen equations. A complete description of the examples,together
with “gures and ANSYS cade, is available in Muhanna [8], In all examples,
the behaviour of the boundsfor di®eren displacemets is very similar; we
therefore concertrate on a particular node. All calculations were done in
Matlab, usingthe Intlab padageof Rump [20] for the interval calculations.
The computer usedwasan AMD Athlon MP 2000+ with a 1680MHz CPU
and 3GB memory, running under LINUX.

For the sake of speed, rounding errors were ignored in all calculations not
explicitly involving intervals. This is justi ed sincethe rounding errors are
much smaller than the uncertainties in the data, and all computations are
well-conditioned. (A fully rigorousimplemertation would probably multiply
the executionspeedby a factor of around 5.) The presen implemertation
does not cortain the overestimation analysis presened in Theorem 2.1, al-
though this should be adhievable with little lossin speedonly.

7.1 Example. As our rst examplewe considera nite elemen model for
a one-ba 20-°oor truss cartilever. There are 42 nodes and 101 elemertts,
resulting in 81 variablesand 101 uncertain parameters.
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The relative uncertainty in the sti®ness(diagonal entries of D) is varied to
be ableto assesshe degradationof the boundsasthe uncertainty increases.

The following table lists the widths of the enclosuresof the displacemets
in horizortal (uy) and vertical (uy) direction of the upper right corner, and
comparesit with the widths of the enclosuresu? and uf} obtained by the
elemen-by-elemen method and the widths of the inner enclosure(u2°and
u(y’9 determinedwith Pownuk's sensitivity method. It demonstratesboth the
guality of our outer enclosureand givesa che that in the presen casethe
sensitivity method givesessetially optimal results.

uncertainty 1% 2% 3% 4% 5%
wid u? 218.50 535.30 1002.70 1700.20 2747.80
wid uy 183.16 368.34 555.71 745.30 937.20
wid u2° 182.10 364.20 546.40 728.65 911.10
wid u;’ 14.48 46.03 104.84 206.84 376.89
wid uy 8.41 16.92 2554 34.28 43.14
wid uSO 835 16.70 25.06 3341 41.78




7.2 Example. As our secondexamplewe considera nite elemen model
for a 10-bay 10-°0or truss. There are 121 nodesand 420 elemerts, resulting
in 230variablesand 420 uncertain parameters.

o
o
o
o

10@0.75L=7.5L

-
0=
<X
X<,

=y
W .

I 10@L=1o0 ———]

%

The relative uncertainty in the sti®nesgdiagonal eintries of D) is varied as
before.

The following table lists the widths of the enclosuresof the displacemets
in horizortal (uy) and vertical (uy) direction of the upper right corner, and
comparesit with the widths u® and ug of the enclosureobtained by the
element-by-elemern method. As in the previous example, with increasing

uncertainty, our boundsare increasinglybetter than thosefrom the elemert-
by-elemernt method.

uncertainty 1% 2% 3% 4% 5%
wid u® 0.301 0.744 1.423 2.521 4.457
wid Uy 0.254 0.516 0.788 1.070 1.362
wid u3 0.168 0.438 0.879 1.638 3.045
wid uy 0.136 0.278 0.425 0.578 0.737
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The time for the computation of the enclosuresof all componerts of the
solution was 20{25 times the time neededfor the computation of the solution
with the midpoint sti®nesscoexcients.

The presert method is signi cantly more accurate than the 'elemen-by-
elemen’ technique. Our method is alsosigni cantly fastersincethe 'elemert-
by-elemen’ technique requiresthe solution of much larger linear systems.

If boundsfor all displacemelis are wanted, the presert method is alsofaster
than the inner sensitivity solution of Pownuk [17], and much faster than a
Monte Carlo simulation or the monotonicity method would be, although all
theseonly give inner enclosuresof the solution set.

7.3 Example. To seehow work and results scalewith dimensionand un-
certainty, we considerasour nal examplea nite elemen model for a n-bay
n-°oor truss with variable n = 10; 20; 30, 40; 50, with the sameother speci -
cationsasin the previousexample. For n = 60 the memory capacity (about
1GB of free memory) of Matlab, with which we did our tests, is insuxcient
to store the densematrix ACAT neededin the iteration for our bounds.

grid sizen£ n; n= 10 20 30 40 50 60
number of rows of A 420 1640 3660 6480 10050 14520
number of columnsof A | 230 860 1890 3320 5150 7380
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n = 10, uncertainty 1% 5% 10% 15% 20% 25%
u, 22.02 21.46 20.64 19.60 18.21 16.13
Uy 22.28 22.83 23.66 24.70 26.08 28.17
CPU time 019 022 025 028 0.28 0.28
time ratio 21 25 29 32 32 32
n = 20, uncertainty 1% 5% 10% 15% 20% 25%
u, 51.40 50.09 48.05 45.27 40.61 27.55
Uy 52.00 53.31 55.35 58.13 62.80 75.85
CPU time 394 456 498 515 5.3 5.16
time ratio 86 102 110 114 114 114
n = 30, uncertainty 1% 5% 10% 15% 20% 25%
u, 83.81 8166 78.22 73.13 61.08 | 0.69
Uy 84.78 86.93 90.37 95.46 107.51 169.28
CPU time 4290 4498 47.67 47.78 47.61 47.81
time ratio 358 379 397 403 402 402
n = 40, uncertainty 1% 5% 10% 15% 20% 25%
u, 118.20 115.16 110.18 102.07 73.22 j 136.94
Uy 119.56 122.60 127.59 135.69 164.54 374.71
CPU time 2m:55 3m:04 3m:09 3m:09 3m:09 3m:09
time ratio 663 704 728 723 730 738
n = 50, uncertainty 1% 5% 10% 15% 20% 25%
u, 231.98 226.39 217.63 202.90 127.98 j 522.85
Uy 234.52 240.11 248.87 263.59 338.51 989.35
CPU time 9m:18 8m:56 9Im:13 9Im:09 9m:10 9m:10
time ratio 1280 1115 1154 1151 1143 1120

In the table, lower and upper bounds are outward rounded. CPU times
are given in secondsor minutes : seconds.The time ratio (signi cant only
in the leading digits, due to random variations under repetition) indicates
the number of trial point evaluations (using the direct sparselinear solver
of Matlab) that can be madein the sametime. As can be seen,it is much
smallerthan the dimensionsof the problem, leadingto atime advantage over
all current methods for appraximate worst caseanalysis.

For uncertainties up to about 15%,the enclosuresre of high quality. On the
other hand, one can seethat the enclosuregyet wider as either the problem

26



size or the uncertainty get larger. In extremal cases(25% uncertainty for
n , 30), not even the sign of the displacemen is guararteed, probably an

5

artifact of the method causedby overestimation of the worst case.

8 Conclusion

The algorithms described here were demonstratedto give fast, reliable and
accurateworst caseboundsfor uncertain linear systems.

The methods scalewithout dixculties to high-dimensionalproblems, hence
appearto be suitable for many previously untractable instancesof worst case
analysisin structural engineering.

While the presern paper only discussedietails for truss structures, the meth-
ods are much more generaland apply to all kinds of nite elemen equations.

Applications to other medanical structures will be presened elsewherd1§].
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