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Abstract. Linear systemswhosecoe±cients have large uncertainties arise
routinely in ¯nite element calculations for structures with uncertain geome-
try, material properties, or loads. However, a true worst caseanalysisof the
in°uence of such uncertainties was previously possibleonly for very small
systemsand uncertainties, or in special caseswhere the coe±cients do not
exhibit dependence.

This paper presents a method for computing rigorousboundson the solution
of such systems,with a computableoverestimation factor that is frequently
quite small. The merits of the newapproach aredemonstratedby computing
realistic bounds for somelarge, uncertain truss structures, someleading to
linear systemswith over 5000variablesand over 10000interval parameters,
with excellent boundsfor up to about 10%input uncertainty.

Also discussedare somecounterexamplesfor the performanceof traditional
approximate methods for worst caseuncertainty analysis.
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1 In tro duction

Linear systemsof equations are among the most frequently used tools in
applied mathematics. In realistic applications, the data entering the coef-
¯cients of these equations are generally uncertain. Since linear equations
becomenonlinear when coe±cients are uncertain and becomevariable, tra-
ditional sensitivity analysis remains valid only for su±ciently small errors.
Unfortunately, it is usually unclear when the errors are su±ciently small for
its validit y: For errors larger than someunknown, problem-dependent mar-
gin, sensitivity analysismay be severely biased,sinceit doesnot account for
the nonlinearities in the problem.

The traditional remedyfor assessingthe accuracyof nonlinear computations
with uncertain data areMonte Carlo calculations. For problemsof signi¯cant
size,theseare expensive (and thereforeusually quite incomplete) sincesim-
ilar computations must be doneover and over again, many thousand times.
Moreover, by their nature, Monte Carlo estimates,which sampleonly a ¯nite
number of scenarios,always underestimate the worst caseerror, and hence
are not fully reliable.

Alternativ essuch asmonotonicity-basedmethodsor local optimization meth-
ods underestimatethe worst caseaswell, sincethey alsosampleonly a ¯nite
number of scenarios,although these are more carefully selectedand often
even exact. However, their validit y is also restricted to su±ciently small
uncertainties, and the domain of validit y is generallyunknown.

Interval analysis (see, e.g., the introduction in [12] or the comprehensive
treatment in [10]) is quantitativ e worst casesensitivity analysis. It provides
valid enclosuresof all quantities of interest, and thus can guarantee that the
worst casestill satis¯es all safety requirements.

In problems where safety is an issue, worst caseresults are needed. For
example,current safety regulation laws in civil engineeringrequire a worst
caseanalysis,and henceinterval techniques,although current practice is still
Monte Carlo with its de¯ciencies.

For su±ciently small uncertainties, where linear sensitivity analysis gives
reasonableresults since higher order corrections are negligible, traditional
centered forms give very accurateworst casebounds. Sincenaive centered
forms { which do not take into account dependencein the coe±cients { work
only for tiny uncertainties, we show in Section2 how proper preconditioning
can signi¯cantly increasethe range of permitted uncertainties for accurate
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centered forms.

Large uncertainties imply large nonlinearities, and the centered form ap-
proach fails (seeSection3). Thus, new methods are required which exploit
more structure in the equations. In Section4, we develop a new method for
the enclosureof solutions of linear systemsof the form

(K + BDA)u = a + F b;

where D is diagonal, and uncertainties are only in D and b. This includes
the caseof linear systemsarising in truss modeling.

In Section5 we discussvarious ways of obtaining so-calledinner enclosures
which can be used to check the quality of the bounds obtained. Section 6
showsthat the ¯nite element equationsfor truss structuressatisfy all require-
ments of our new method. In Section7 we considersomeexamplesshowing
that the new approach givesexcellent results, even for large-scaleproblems,
at a fraction of the time typically neededfor Monte Carlo computations.

Notation: Notation is as in the book by Neumaier [12]; in particular,
we use A = [A; A] to denote intervals (interval vectors, interval matrices)
and their bounds. wid A = A ¡ A denotes the componentwise width of
A . Inequalities and absolutevaluesof vectorsand matrices are understood
componentwise. kxk = kxk2 denotesthe Euclidean norm of the vector x.
A ¡ T is the transposedinverseof A, A i : the i th row of A, A :k the kth column
of A, and 1 the identit y matrix. In particular, 1j k is the Kronecker symbol
with value 1 if j = k and 0 otherwise. The matrix with columnsa1; : : : ; an

is written as [a1; : : : ; an ]. The (not necessarilysymmetric) square matrix
K 2 Rn£ n is called positive semide¯nite if xT K x ¸ 0 for all x 2 Rn , and
positive de¯nite if xT K x > 0 for all x 6= 0.

2 Centered forms for worst-case uncertain ty

We considera linear system K u = b with an uncertain squarecoe±cient
matrix K and an uncertain right hand sideb. In most applications, onecan
giveexactparametric expressionsfor the coe±cients in K and bsuch that the
uncertainty is only in an m-dimensionalvector x containing the parameters,
and takesa simple form.

In the present paper, we are concernedwith the casewhere the worst case
uncertainties are speci¯ed in the form of lower and upper bounds on the
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parameters. This results in a box x 2 IR n de¯ning the rangeof permissible
parametervectorsx. Thus we needto solve a linear system

K (x)u(x) = b(x) (1)

for u(x) 2 Rm , where the coe±cient matrix K (x) 2 Rm£ m and/or the right
hand sideb(x) 2 Rm depend on a parametervector x 2 x.

To solve (1), we choosea center x0 and write

x = x0 + s; s 2 s = x ¡ x0: (2)

For an arbitrary preconditioning matrix C, we suppose that we can ¯nd
enclosures

CK (x0 + s) 2 K 0 +
X

l

K lsl for all s 2 s; (3)

Cb(x0 + s) 2 c0 +
X

l

clsl for all s 2 s; (4)

f u0 j K 0u0 2 c0 for someK 0 2 K 0g µ u0: (5)

If an interval enclosure
³

K 0 +
X

l

K lsl

´ ¡ 1
µ J (6)

exists and
X := J [c1 ¡ K 1u0; : : : ; cn ¡ K nu0]; (7)

then
u(x) 2 u0 + X (x ¡ x0) for all x 2 x: (8)

In particular,
u(x) 2 u := u0 + Xs for all x 2 x: (9)

Natural choicesfor x0 and C are the midpoint of x and the inverseof K (x0),
respectively.

This is an improved form of the centered form enclosuresfor generalimplicit
equationsgiven in Neumaier [9], in that the preconditioning in (3) and (4)
can be doneon each term of the sum separately(Neumaier [11]), which, as
alsoobserved recently in [4, 21], frequently improvesthe resulting enclosures.
In casethat the dependenceof K and b on x is linear, the K l and cl are thin
(real numbers), and the above method is closelyrelated to that of Skalna
[22, 23] and Popo va [15, 16].
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From an enclosure(8), it is possibleto get componentwise overestimation
bounds for the rangeof u(x) over the box x. We quote the following result
from Neumaier [13].

The Hausdor® distance of two intervals a; b 2 IR is the number

dist(a; b) := max(ja ¡ bj; ja ¡ bj);

the mignitude hai and the zerolength zl a of a 2 IR are

hai := minfj aj j a 2 ag =

(
0 if 0 2 a;

min(jaj; jaj) if 0 62a;
;

zl a := widthfj aj j a 2 ag =

(
jaj if 0 2 a;

ja ¡ aj if 0 62a:

For x 2 IR n and X 2 IRm£ n , we de¯ne dist x 2 Rn , hxi 2 Rn and zl X 2
Rm£ n by

(dist x) i = dist x i ; hxi i = hx i i ; (zl X ) ik = zl X ik :

2.1 Theorem. Let u : x µ Rn ! Rm be a function satisfying (8) for some
center x0 2 x. Then

u := f u(x) j x 2 xg µ u0 + X (x ¡ x0) =: u0; (10)

and
dist(u; u0) · 2radu0 + (zl X )jx ¡ x0j (11)

0 · radu0¡ radu · 2radu0 + 2(radX ) radx: (12)

Note that (12) implies the lower bound of

w := sup(0; wid u0¡ 2wid u0 ¡ 2(wid X ) wid x) (13)

for the width of the solution.

The bounds from (1) can be assessedwith this theorem; for many systems
with small uncertainties, the bounds have a good quality, as certi¯ed by a
small value of

q =
maxi (2 radu0 + 2(radX ) radx) i

radu0
i

: (14)

Since(12) implies wid u ¸ (1 ¡ q) wid u0, the condition q ¿ 1 is a sign of
high quality.

Note that the improvedenclosuresconstructedlater in this paper arecentered
forms, so that the above computableoverestimation results apply.
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3 Limitations of centered forms

For larger uncertainties, dependenceproblems frequently degradethe per-
formance and may make it even impossible to compute the enclosure(6)
required for the construction. In this section,we analyzethis in more detail
for a particular classof problems.

In many applications (e.g., those to truss structures), the matrix K (x) is
symmetric and positive de¯nite (and hencenonsingular) for all x 2 x. Un-
fortunately, however, this property does not always extend to the interval
matrix to be inverted in (6). Indeed,if the parameteruncertainties are large,
this interval matrix frequently contains singular matricesalthough the prob-
lem (1) is well-conditioned for all x in the assumeddomain. We discussa
simpleexampleof spurioussingularity, in which everything canbe calculated
analytically.

3.1 Example. We considerthe uncertain linear system(1) with

K (x) =
µ

x1 + x2 x1 ¡ x2

x1 ¡ x2 x1 + x2

¶
; x 2 x =

µ
[1 ¡ ±; 1 + ±]
[1 ¡ ±; 1 + ±]

¶
; b(x) =

µ
6
6

¶
: (15)

The entries of x aresubject to independent relativeerrorsof ±, corresponding
to a relative uncertainty of 2±.

For 0 · ± < 1, we have detK (x) = 4x1x2 > 0 for all x 2 x, hencethe system
is solvable. The solution set is easily seento consist of the vectors u 2 R2

with
u1 = u2 = 3=x1 2 3=[1 ¡ ±; 1 + ±] = [3=(1 + ±); 3=(1 ¡ ±)];

hencethe optimal enclosurehasa width of

wopt = 3=(1 ¡ ±) ¡ 3=(1 + ±) = 6±=(1 ¡ ±2):

For ± = 0:5 the optimal enclosureis u1 = u2 = [2; 6], but the approach
discussedin the previous section fails to give an enclosure. Indeed, with
x0 = mid x =

¡ 1
1

¢
, we have

s =
µ

[¡ 0:5; 0:5]
[¡ 0:5; 0:5]

¶
; C = K (x0)¡ 1 = 1

21;

K 0 =
µ

1 0

0 1

¶
; K 1 =

µ
0:5 0:5

0:5 0:5

¶
; K 2 =

µ
0:5 ¡ 0:5

¡ 0:5 0:5

¶
;
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and

K 0 + K 1s1 + K 2s2 =
µ

[0:5; 1:5] [¡ 0:5; 0:5]

[¡ 0:5; 0:5] [0:5; 1:5]

¶

contains the singular matrix
µ

0:5 0:5

0:5 0:5

¶
.

For ± < 0:5 the approach of the previous section gives, with the optimal
enclosure

S =
µ

s s0

s0 s

¶
; s =

h
1 ¡ ±;

1 ¡ ±
1 ¡ 2±

i
; s0 =

h
¡

±
1 ¡ 2±

;
±

1 ¡ 2±

i
;

X =
µ

p 0
p 0

¶
; p =

¡ 3
1 ¡ 2±

[1 ¡ 4±+ 2±2; 1];

u1 = u2 = [3 ¡ 3±=(1 ¡ 2±); 3 + 3±=(1 ¡ 2±)]:

The width w = 6±=(1 ¡ 2±) is nearly optimal for small ± but blows up as ±
approaches0:5.

In this toy example, failure occured only as the relative uncertainty 2± ap-
proached 100%. In many realistic applications, however, the dimension is
larger, and the samedi±cult y tends to appear already for much smaller un-
certainties, often below the 1% level. Theseapplications thereforecall for a
modi¯ed approach, which exploits special properties of the equations.

In this paper we look at equationsderived from typical structural mechanics
problemsbasedon ¯nite element calculations. In many ¯nite element prob-
lems,the only uncertainty in the coe±cient matrix is in the element sti®ness
coe±cients x l . For example,in a truss structure, it will be shown in Section
6 that

x l = E lal=Ll > 0; (16)

wherel is the element index, E l the Young modulus characterizing the elas-
ticit y of material of the lth bar, al its crosssectionareaand L l its length. In
general,the coe±cient matrix dependsboth on the element sti®nesscoe±-
cients and on lengths and angles,but if the geometry is assumed̄ xed then
the dependencetakesthe simple form

K (x) =
mX

l=1

x lalaT
l (17)
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with ¯xed and extremely sparsevectorsal . We may rewrite (17) as

K (x) = AT D(x)A; (18)

where

A =

0

B
@

aT
1
...

aT
m

1

C
A ; D(x) = Diag(x1; : : : ; xm ): (19)

A is a sparserectangularmatrix, and D(x) is diagonalwith positive diagonal
entries. It is therefore clear that (18) is positive de¯nite whenever A has
rank n, wheren is the number of columnsof A. This is always the casefor
geometriesof practical interest. Clearly, it requiresthat m ¸ n.

In the following, we shall derive bounds for the solutions of linear systems
that utilize the special structure (18).

4 Iterativ e enclosures

In this section we consider an iterativ e method to generateand improve
boundson the solutions u of uncertain linear systemsof the form

(K + BDA)u = a + F b; (20)

with uncertainties in D and bonly. The following discussion(until (32)) holds
without further structural assumption.However, the quality of the enclosures
is known to besuperior only in the specialcasewhereD is diagonal,and may
be poor in other special cases.(For example,a refereepointed out that the
caseA = B = I givesnothing new.) It is expected that the enclosuresare
also good in caseD is block diagonal with diagonal blocks small compared
to the matrix size, if the bounds required in the following are adequately
constructed.

4.1 Theorem. Let D0 2 Rn£ n be such that the matrix K + BD0A is in-
vertible, and put

C := (K + BD0A)¡ 1: (21)

(i) The solution u of (20) is related to v := Au by the equations

u = Ca + CF b+ CBd; (22)
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v = ACa + ACF b+ ACBd; (23)

where
d = (D0 ¡ D)v: (24)

(ii) If there are vectorsw ¸ 0, w0 > 0 and w00such that

w0 · w ¡ jD0 ¡ D jjACBjw; w00¸ jD0 ¡ D jjACa + ACF bj; (25)

then

d 2 d := [¡ ®w; ®w]; ® = max
i

w00
i

w0
i
: (26)

Proof. (i) Equation (22) follows from

CBd = CB(D0 ¡ D)Au = C(K + BD0A)u¡ C(K + BDA)u = u¡ C(a+ F b);

and multiplication with A gives(23).

(ii) We put
¯ = max

i
jdi j=wi

and note that jdj · ¯ w, with equality in somecomponent i . The de¯nition
of ® implies w00· ®w0. Henceby (23){(25),

jdj = j(D0 ¡ D)(ACa + ACF b+ ACBd)j

· jD0 ¡ D jjACa + ACF bj + jD0 ¡ D jjACBj¯ w

· w00+ ¯ (w ¡ w0) · ®w0+ ¯ (w ¡ w0):

Thus ¯ wi = jdi j · ®w0
i + ¯ (wi ¡ w0

i ), hence¯ w0
i · ®w0

i . Sincew0 > 0, we
concludethat ¯ · ®, and (26) follows. ut

We now assume
D 2 D ; b2 b (27)

as interval boundsfor the data uncertainties. Since(25) implies that w0 > 0
if w > 0 and D0 is closeenoughto D, we take D0 as the midpoint of D , and
w, e.g.,as the vector with all entries one. Then (25) is satis¯ed with

w0 := w ¡ jD0 ¡ D jjACBjw; w00= jD0 ¡ D jjACa + ACF bj; (28)

If w0 > 0 then the enclosure(26) is valid. If this is not the casewe may
compute the largest eigenvalue ½(= the spectral radius) of the matrix

M := jD0 ¡ D j jACBj: (29)
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If ½< 1, any w > 0 su±ciently closeto an associated eigenvector makes
w0 > 0. In practice, one would run a Lanczositeration and stop as soon as
an intermediate eigenvector approximation w > 0 satis¯es M w < w.

With this or another initial interval enclosured for d (neededwhenw0 is not
strictly positive), onecan useinterval arithmetic in the three formulas (22){
(24) to get enclosuresu for u, v for v and a generally improved enclosure
for d. The enclosurescan be further improved by iterating this, and by
intersecting with the previously computedenclosures.It is clearly su±cient
to iterate the enclosuresfor v and d, and compute the enclosurefor u when
the intersectedresults no longer improve signi¯cantly. Thus we iterate

v = f (ACa) + (ACF )b + (ACB)dg \ v; d = f (D 0 ¡ D )vg \ d (30)

until somestopping test holds, and then get the enclosure

u := (Ca) + (CF )b + (CB)d; (31)

for all u satisfying (20) for someD 2 D , b 2 b. The bracketing in these
formulas is donesuch that interval calculationsdone in this order are likely
to give least overestimation. Of course,the expressionsin parenthesesneed
to be computedonly once.

In our experiments, we stopped when the sum of the widths of the com-
ponents of d did not improve by a factor of 0.999, but after at most 10
iterations.

Rounding errors in the computationsof the matricesC; CF; ACF; CB; ACB
neededfor the iteration are usually insigni¯cant comparedto the uncertain-
ties in the data but can be taken into account using standard interval meth-
ods, without producing signi¯cant overestimation. (If C is ill-conditioned,
the data uncertainties most likely make the problem already ill-p osed.)

To get realistic bounds on quantities z = Z(u) dependent linearly or non-
linearly on the solution u of the uncertain linear system (20), one should
intersect the simple enclosurez = Z(u) with the enclosureobtained (using
(22)) from the centered form

z0 = Z(CF mid b) + (SCF )(b ¡ mid b) + (SCB)d; (32)

whereS = Z[mid u; u] is a slopematrix for Z (cf. Kra wczyk & Neumaier
[5]). In particular, for linear combinations z = Su, we may use this with
S = S.
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Note that the enclosures(31) and (32) are centered forms, so that the com-
putable overestimation results of Theorem2.1 apply.

The most generalcase(1) can be solved in a similar way if we can rewrite
K (x) in a centered form like fashion,

K (x0 + s) = K (x0) + B(s) Diag(s)A(s); B (s) 2 B ; A(s) 2 A

and
b(x0 + s) = b(x0) + F (s)(x ¡ z); F (s) 2 F:

In this caseonecanapply the precedingresultswith interval matricesB ; A ; F
in placeof B , A and F .

Very large uncertain ties. If the uncertainties in D are very large, (28)
may give a w0 which is not strictly positive. More precisely, this must happen
whenever the spectral radius of the matrix (29) is ¸ 1. In this casewe need
to ¯nd other conditions that enableus to computean initial enclosure.

We derive such enclosuresin the important special caseK = 0, B = AT of
(20), namely uncertain linear systemsof the form

AT DAu = F b; (33)

if, in addition to the assumptionsof the previous theorem, D is symmetric
and positive de¯nite. (This is the case,e.g., in the applications to truss
structures.) Then

vT Dv = vT c; wherec := D0ACF b: (34)

Indeed, vT c = uT AT D0ACF b = uT F b = uT AT DAu = vT Dv. Thus the
following result can be usedto get enclosuresfor linear combinations aT v of
entries of v, provided reasonableenclosuresfor D ¡ 1 are available.

4.2 Prop osition. Let D 2 Rn£ n be symmetric and positive de¯nite, and
supposethat v; c 2 Rn satisfy

vT Dv · vT c: (35)

Then, for any a 2 Rn ,

jaT v ¡ 1
2aT D ¡ 1cj · 1

2

p
aT D ¡ 1a ¢cT D ¡ 1c: (36)
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Proof. (35) implies

k2D 1=2v ¡ D ¡ 1=2ck2
2 = 4vT Dv ¡ 4vT c + cT D ¡ 1c · cT D ¡ 1c;

hencethe Cauchy-Schwarz inequality gives

jaT v ¡ 1
2aT D ¡ 1cj = 1

2(D ¡ 1=2a)T (2D 1=2v ¡ D ¡ 1=2c)

· kD ¡ 1=2ak2 ¢k2D 1=2v ¡ D ¡ 1=2ck2

· kD ¡ 1=2ak2

p
cT D ¡ 1c;

which is equivalent with (36). ut

By choosingin Proposition 4.2 for a all unit vectorsin turn, onegetsbounds
for v. In particular, for diagonalD, weget the following simpleinitial bounds,
valid for arbitrarily largeuncertainties in D or b, aslongasD remainspositive
de¯nite.

4.3 Corollary . If (35) holdswith c 2 c and D 2 D with diagonalD and all
D ii > 0 then, for all i ,

vi 2 v i := zi =D ii ; di 2 d i := ((D0) ii =D ii ¡ 1)zi ; (37)

where

zi =
1
2

³
ci + [¡ 1; 1]

q
jci j2(1 ¡ D ii =Dii ) + D ii

X
jck j2=Dkk

´
: (38)

Proof. We apply Proposition (4.2) with the i th unit vector as a, and ¯nd
after multiplication with D ii that zi := D ii vi satis¯es

(2zi ¡ ci )2 · D ii cT D ¡ 1c = c2
i + D ii

X

k6= i

c2
k=Dkk

· c2
i + D ii

X

k6= i

c2
k=Dkk

= c2
i (1 ¡ D ii =Dii ) + D ii

X

k

c2
k=Dkk :

This implies zi 2 zi , and

di = ((D0) ii =Dii ¡ 1)zi 2 ((D0) ii =D ii ¡ 1)zi :

ut

This appliesto the solution of (33) with c := (D 0ACF )b.
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4.4 Example. The linear system(15) treated already as Example 3.1 can
be written in the form (33) with

A =
µ

1 1
1 ¡ 1

¶
; D 2 D := Diag([1 ¡ ±; 1 + ±]; [1 ¡ ±; 1 + ±]);

F = 1; b=
µ

6
6

¶
;

henceis tractable with the present approach. The iteration (30) becomes

v =
³ µ

6
0

¶
+ d

´
\ v ; d = (D0 ¡ D )v \ d;

and convergesfor both choicesof the initial enclosureto

v =
µ

[¡ 6; 6]=(1 ¡ ±)
0

¶
; d =

µ
[¡ 6±; 6±]=(1 ¡ ±)

0

¶
:

This leadsto the solution enclosure

u1 = u2 = [3 ¡ 3±=(1 ¡ ±); 3 + 3±=(1 ¡ ±)]

whosewidth w = 6±=(1 ¡ ±) overestimatesthe optimal width by a factor
1 + ± < 2 even closeto the singularity at ± = 1. For ± = 0:5 where the
centered form failed already, we still get u1 = u2 = [0; 6] comparing well to
the exact solution u1 = u2 = [2; 6].

5 Inner enclosures and exact bounds

In addition to the (outer) enclosureof a solution set §, which is simply
a box containing §, and henceproviding worst caseguarantees, we de¯ne
an inner enclosure of § as a box u inner such that the projection of § to
each coordinate givesan interval containing the corresponding projection of
u inner . (These are not tolerancesolutions, where one would require that §
itself contains u tol .) By comparing inner and outer enclosures,one can get
an approximation for the overestimation of the outer enclosureand for the
underestimationof the inner enclosure.

A simple way of getting inner enclosuresis to take the interval hull of a ¯-
nite set of points in §, computed by someheuristics, which selectssuitable
input scenariosfor the uncertain quantities, at which the problem is solved
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by a method for obtaining solutions for problemswithout uncertainty. The
traditional heuristics is Monte Carlo simulation which simply takesuniform
samplesin the permitted parameter region. Improved heuristics are local
optimization metho ds which solve for each solution component two local
optimization problemsto get at least the locally worst case,the monotonic-
it y metho d of Rao & Berke [19], which takesas trial points all vertices
of the parameterbox, and the vertex sensitivit y metho d of Pownuk [17]
which takesas trial points only the vertices for which the linear sensitivity
model to the midpoint solution would have beenworst case.

Often, the inner solution obtained is simply takenasan approximation of the
true worst casesolution, although the result may underestimatethe worst
case. If there is an independent way for producing outer enclosures,and
these outer enclosuresare closeto the inner solution computed by one of
thesemethods, this givesa demonstration of the quality of both inner and
outer enclosure. On the other hand, if the outer enclosureis much wider
than the inner enclosure,oneor both of the enclosuresare poor.

Note that, under appropriate (method-dependent) monotonicity conditions,
the monotonicity method and the vertex sensitivity method produce the
hull of the solution set. Sometimes(see, e.g., Popo va [14]) the required
monotonicity properties can be proved. Unfortunately, the known methods
for proving monotonicity, being basedon interval enclosuresof the gradient
of the solution, su®erfrom the sameexcessive overestimation problems as
the interval solution itself, and typically fail in high dimensions.

The above methodsare°exible and non-intrusive, sincethey canuseexisting
software for solving problems without any adaptation. However, they are
very slow: Reliable Monte Carlo simulation needsthousandsof trial points
to get a reasonableaccuracy, the monotonicity method needs2n trial points
for an n-parameter problem, and the vertex sensitivity method, the fastest
one,needsup to 2N + 1 trial points, whereN is the dimensionof the solution
vector. Local optimization methods need2N optimizations, and hencemany
more trial points.

Although local optimization methods, the monotonicity method, and the
vertex sensitivity method are often exact at small uncertainty, they do not
always give exact bounds and may underestimatesthe worst case,even at
small uncertainties (though in the latter casethe underestimation is usually
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Figure 1: Boundariesof the solution setof (39) for ± = 0:05; 0:1; 0:15; 0:2; 0:25

only a tiny amount). This can be seenfrom the example

µ
x1 + x2 x2

x2 x1 + x2

¶
u =

µ
60
61

¶
; x 2

µ
[1 ¡ ±; 1 + ±]
[5 ¡ ±; 5 + ±]

¶
; (39)

drawn in Figure 1. Hereu1 is maximal at x1 = 1¡ ±=5, x2 = 5¡ ±, which is not
a corner, hencethe monotonicity method and the vertex sensitivity method
fail for every ± > 0. Moreover, sinceu1 has two di®erent local minima for
every ± > 0, a local optimization might get stuck in the nonglobalminimum.
Note that the exampleis of the form K (x) = x1K 1 + x2K 2 with symmetric,
positive semide¯nite K 1; K 2, which is typical for many applications.

On the other hand, the monotonicity method can be proved to give exact
boundsin a special case:

5.1 Theorem. If the linear system

(K + B Diag(x)A)u(x; b) = F b; x 2 x; b2 b (40)

is uniquely solvable for all x 2 x then the extremal valuesof any component
uk(x; b) of the solution of (40) are attained at verticesof the box x £ b.

Proof. It is well-known that uk(x; b) is monotone in each component of b;
thereforeb is a vertex of b. We now show that uk(x; b) is also monotonein
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each component x j of x, proving the claim. Indeed,¯x x 2 x and b2 b, and
write

aT := A j :; d := B :j ; D := Diag(x);

u := (K + BDA)¡ 1F b; c := (K + BDA)¡ 1d:

If we modify x j to x j + ± while ¯xing the other components, we get a new
vector x0, and the corresponding solution u0 = u(x0; b) satis¯es

(K + BDA)u0+ ±daT u0 = F b

and hence
u0+ ±caT u0 = u:

It is straightforward to check that, as long as the denominator is nonzero
(which is necessaryfor unique solvabilit y), this equation is satis¯ed by the
vector

u0(±) := u ¡
±aT u

1 + ±aT c
c:

Hence
duk

dxj
(x0; b) =

d
d±

u0
k(±) = ¡

aT u
(1 + ±aT c)2

ck :

Sincethis hasconstant sign for all ±, the component uk(x; b) is indeedmono-
tone in x j . ut

As shown in the next section, the hypothesisof the theorem is satis¯ed in
applications to truss structures when only sti®nesscoe±cients are uncertain
and vary independently. But the cheaper vertex sensitivity method may fail
(i.e., produce only a proper inner enclosureof the hull rather than the full
hull) even under this hypothesis,as shown by the example

³ x1 1

1 x2

´
u =

µ
2
5

¶
; x 2

µ
[2 ¡ ±; 2 + ±]
[2 ¡ ±; 2 + ±]

¶
: (41)

Here u1 = (2x2 ¡ 5)=(x1x2 ¡ 1) has a midpoint gradient that points to the
upper right vertex of the box, but the largest value of u1 is attained at a
di®erent vertex.

6 Truss structures

We implemented the boundsderived in this paper for a classof mechanical
¯nite element problems, namely truss structures with ¯xed topology and
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geometry, but uncertain elasticity, crosssections,and forces. Such systems
lead to equationsof the form (20) with diagonal,positive de¯nite D, so that
the precedingresultsareapplicable. Work on the implementation of realistic
boundsfor other typesof ¯nite element problemsis in progress[18].

It is well-known [24] that the sti®nessmatrix of a singletruss ¯nite element
has the form

K e =
EeAe

Le

0

B
B
B
@

1 0 ¡ 1 0

0 0 0 0

¡ 1 0 1 0

0 0 0 0

1

C
C
C
A

; (42)

where e is the label of an element, Ee is the Young modulus of the eth
element, Ae is the area of cross-sectionof the eth element, and L e is the
length of the eth element. (The (m; n)-entry of K e is written as (K e)mn ; no
tensornotation is implied.) The entries of this sti®nessmatrix canbewritten
as

(K e)mn =
EeAe

Le
aman = amxean ; (43)

where
a = (1; 0; ¡ 1; 0)T ; xe =

EeAe

Le
: (44)

The global sti®nessmatrix K hasentries

K ij :=
X

e;®;¯ ;m;n

(Ue)®j (Ce)m®(K e)mn (Ce)n¯ (Ue)¯ i

=
X

e;®;¯ ;m;n

(Ue)®j (Ce)m®amxean (Ce)n¯ (Ue)¯ i
(45)

wherethe matrix Ue expressesthe relation

(ue) i =
X

j

(Ue) ij uj (46)

betweenthe displacements in the local coordinatesue of the eth element and
the global coordinates u, and the Ce are suitable rotation matrices. If we
de¯ne the matrix B with entries

Bei :=
X

n;¯

an (Ce)n¯ (Ue)¯ i ; (47)

the equation (45) can be written as

K ij =
X

e

Bej xeBei =
X

d;e

Bdj (1dexe)Bei : (48)
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Thereforethe sti®nessmatrix can be written in the form

K = B T DB (49)

with the diagonalmatrix

D = Diag(x1; :::; xne ); (50)

wherene denotesthe number of elements. Thus the sti®nessmatrix (49) is
preciselyof the form discussedabove, for which our methods apply.

Boundary conditions are taken into account in the matrices Ue.

Speci¯c truss structures can be described using for exampleANSYS [1] com-
mands. As an example,let us considerthe structure shown in the following
diagram.

P

1

2
3

1 2

3

This structure is described by the following ANSYS ¯le.

/PREP7
ET,1,LINK1

N, 1, 0, 0
N, 2, 1, 0
N, 3, 1, 1

MP, EX, 1, 210E9

R, 1, 0.0025
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MAT, 1
REAL, 1

E, 1, 2
E, 1, 3
E, 2, 3

F, 3, FX, 1000

D, 1, UX, 0
D, 1, UY, 0
D, 2, UY, 0

The meaningof the particular commandsis the following [2]:

PREP7 { enters the generalinput data preprocessor(PREP7). This com-
mand has to be addedbeforeany preprocessorcommands.

Usage:/PREP7

ET { de¯nes element types.

Usage:ET , ITYPE, ENAME

ITYPE is an arbitrary local element type number. ENAME is an element
name(or number) as given in the element library. For exampleLINK1 is a
2D truss element.

N { de¯nition of a node.

Usage:N , nnode, x, y

wherennodeis the integerlabel of a node,x is its ¯rst (horizontal) coordinate,
and y its second(vertical) coordinate.

MP { de¯nition of material properties (Young modulus).

Usage:MP , EX, nmat, E

wherenmat is the integer label of a material with Young modulus E.

R { de¯nition of other constants (in this caseof the cross-sectionarea).

Usage:R, nconst, A
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wherenconst is the integer label of a constant with value A.

MA T { identi¯es the label of the material (asspeci¯ed in MP) to beassigned
to subsequently de¯ned elements.

Usage:MAT, nmat

REAL { identi¯es the label of the real constant (as speci¯ed in R) to be
assignedto subsequently de¯ned elements. Elements of di®erent type should
not refer to the samereal constant set.

Usage:REAL, nconst

E { de¯nition of elements connectingtwo nodeswith labels n1 and n2

Usage:E, n1, n2

F { de¯nition of point forceson a node with label nnode

Usage:F, nnode, dir, F

wheredir indicatesthe direction of a particular force. (dir=FX in x-direction,
dir=FY in y-direction) and F is the value of the force.

D { de¯nition of a boundary condition on a node with label nnode

Usage:D , nnode, dof, val

wheredof is oneof UX,UY,UZ, and val is the valueof the x, y, or z coordinate
of the node.

In a similar way it is possibleto describe interval parametersin a separate
¯le sincewe usecommandsnot in standard ANSYS.

MP { de¯nition of interval material properties in percent (Young modulus)

Usage:MP , EX, nmat, uncertainty in percent

R { de¯nition of the uncertainty of other constants (in this casethe uncer-
tainty of the cross-sectionarea)

Usage:R, nconst, uncertainty in percent

In both cases,an uncertain number s with k% uncertainty is taken to vary
in the interval s = [s ¡ sk=200; s + sk=200] whosemidpoint is the nominal
value and whosewidth is k% of the nominal value.
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The set of ANSYS commandswhich describe the particular structure can be
createdby using a standard ANSYS GUI. Using this, we createdan ANSYS
interface to our implementation of the algorithm in this paper, making it
possible to generate trus structures and the data for their description in
ANSYS, to calculate the interval solution using INTLAB [20], and to plot
the result in the ANSYS GUI. Two small, illustrativ e examplesare shown
below.
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7 Truss examples

In this sectionwediscusstwo benchmark examplespreparedby Ra¯ Muhanna,
who also provided us with enclosuresproducedby the 'element-by-element'
technique by Muhanna et al. [6, 7], a technique specially designedfor ¯-
nite element equations. A complete description of the examples,together
with ¯gures and ANSYS code, is available in Muhanna [8], In all examples,
the behaviour of the bounds for di®erent displacements is very similar; we
therefore concentrate on a particular node. All calculations were done in
Matlab, using the Intlab packageof Rump [20] for the interval calculations.
The computer usedwas an AMD Athlon MP 2000+ with a 1680MHz CPU
and 3GB memory, running under LINUX.

For the sake of speed, rounding errors were ignored in all calculations not
explicitly involving intervals. This is justi¯ed sincethe rounding errors are
much smaller than the uncertainties in the data, and all computations are
well-conditioned. (A fully rigorous implementation would probably multiply
the execution speedby a factor of around 5.) The present implementation
does not contain the overestimation analysispresented in Theorem 2.1, al-
though this should be achievable with little lossin speedonly.

7.1 Example. As our ¯rst examplewe considera ¯nite element model for
a one-bay 20-°oor truss cantilever. There are 42 nodes and 101 elements,
resulting in 81 variablesand 101uncertain parameters.
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The relative uncertainty in the sti®ness(diagonal entries of D) is varied to
be able to assessthe degradationof the boundsas the uncertainty increases.

The following table lists the widths of the enclosuresof the displacements
in horizontal (ux ) and vertical (uy) direction of the upper right corner, and
comparesit with the widths of the enclosuresu0

x and u0
y obtained by the

element-by-element method and the widths of the inner enclosure(u00
x and

u00
y) determinedwith Pownuk's sensitivity method. It demonstratesboth the

quality of our outer enclosureand givesa check that in the present casethe
sensitivity method givesessentially optimal results.

uncertainty 1% 2% 3% 4% 5%

wid u0
x 218.50 535.30 1002.70 1700.20 2747.80

wid ux 183.16 368.34 555.71 745.30 937.20

wid u00
x 182.10 364.20 546.40 728.65 911.10

wid u0
y 14.48 46.03 104.84 206.84 376.89

wid uy 8.41 16.92 25.54 34.28 43.14

wid u00
y 8.35 16.70 25.06 33.41 41.78
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7.2 Example. As our secondexamplewe considera ¯nite element model
for a 10-bay 10-°oor truss. There are 121nodesand 420elements, resulting
in 230variablesand 420uncertain parameters.

The relative uncertainty in the sti®ness(diagonal eintries of D) is varied as
before.

The following table lists the widths of the enclosuresof the displacements
in horizontal (ux ) and vertical (uy) direction of the upper right corner, and
comparesit with the widths u0

x and u0
y of the enclosureobtained by the

element-by-element method. As in the previous example, with increasing
uncertainty, our boundsare increasinglybetter than thosefrom the element-
by-element method.

uncertainty 1% 2% 3% 4% 5%

wid u0
x 0.301 0.744 1.423 2.521 4.457

wid ux 0.254 0.516 0.788 1.070 1.362

wid u0
y 0.168 0.438 0.879 1.638 3.045

wid uy 0.136 0.278 0.425 0.578 0.737
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The time for the computation of the enclosuresof all components of the
solution was20{25 times the time neededfor the computation of the solution
with the midpoint sti®nesscoe±cients.

The present method is signi¯cantly more accurate than the 'element-by-
element' technique. Our method is alsosigni¯cantly fastersincethe 'element-
by-element' technique requiresthe solution of much larger linear systems.

If boundsfor all displacements are wanted, the present method is alsofaster
than the inner sensitivity solution of Pownuk [17], and much faster than a
Monte Carlo simulation or the monotonicity method would be, although all
theseonly give inner enclosuresof the solution set.

7.3 Example. To seehow work and results scalewith dimensionand un-
certainty, we considerasour ¯nal examplea ¯nite element model for a n-bay
n-°oor truss with variable n = 10; 20; 30; 40; 50, with the sameother speci¯-
cations as in the previousexample. For n = 60 the memory capacity (about
1GB of free memory) of Matlab, with which we did our tests, is insu±cient
to store the densematrix ACAT neededin the iteration for our bounds.

grid sizen £ n; n = 10 20 30 40 50 60

number of rows of A 420 1640 3660 6480 10050 14520

number of columnsof A 230 860 1890 3320 5150 7380
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n = 10, uncertainty 1% 5% 10% 15% 20% 25%

ux 22.02 21.46 20.64 19.60 18.21 16.13

ux 22.28 22.83 23.66 24.70 26.08 28.17

CPU time 0.19 0.22 0.25 0.28 0.28 0.28

time ratio 21 25 29 32 32 32

n = 20, uncertainty 1% 5% 10% 15% 20% 25%

ux 51.40 50.09 48.05 45.27 40.61 27.55

ux 52.00 53.31 55.35 58.13 62.80 75.85

CPU time 3.94 4.56 4.98 5.15 5.13 5.16

time ratio 86 102 110 114 114 114

n = 30, uncertainty 1% 5% 10% 15% 20% 25%

ux 83.81 81.66 78.22 73.13 61.08 ¡ 0.69

ux 84.78 86.93 90.37 95.46 107.51 169.28

CPU time 42.90 44.98 47.67 47.78 47.61 47.81

time ratio 358 379 397 403 402 402

n = 40, uncertainty 1% 5% 10% 15% 20% 25%

ux 118.20 115.16 110.18 102.07 73.22 ¡ 136.94

ux 119.56 122.60 127.59 135.69 164.54 374.71

CPU time 2m:55 3m:04 3m:09 3m:09 3m:09 3m:09

time ratio 663 704 728 723 730 738

n = 50, uncertainty 1% 5% 10% 15% 20% 25%

ux 231.98 226.39 217.63 202.90 127.98 ¡ 522.85

ux 234.52 240.11 248.87 263.59 338.51 989.35

CPU time 9m:18 8m:56 9m:13 9m:09 9m:10 9m:10

time ratio 1280 1115 1154 1151 1143 1120

In the table, lower and upper bounds are outward rounded. CPU times
are given in secondsor minutes : seconds.The time ratio (signi¯cant only
in the leading digits, due to random variations under repetition) indicates
the number of trial point evaluations (using the direct sparselinear solver
of Matlab) that can be made in the sametime. As can be seen,it is much
smallerthan the dimensionsof the problem, leadingto a time advantageover
all current methods for approximate worst caseanalysis.

For uncertainties up to about 15%,the enclosuresareof high quality. On the
other hand, onecan seethat the enclosuresget wider as either the problem
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size or the uncertainty get larger. In extremal cases(25% uncertainty for
n ¸ 30), not even the sign of the displacement is guaranteed, probably an
artifact of the method causedby overestimation of the worst case.

8 Conclusion

The algorithms described here were demonstratedto give fast, reliable and
accurateworst caseboundsfor uncertain linear systems.

The methods scalewithout di±culties to high-dimensionalproblems,hence
appear to be suitable for many previouslyuntractable instancesof worst case
analysisin structural engineering.

While the present paper only discusseddetails for truss structures, the meth-
ods aremuch moregeneraland apply to all kinds of ¯nite element equations.

Applications to other mechanical structures will be presented elsewhere[18].
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