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Abstract. Clouds are a concept for uncertainty mediating between the concept of a fuzzy set and that of a
probability distribution. A cloud is to a random variable more or less what an interval is to a number. We
discuss the basic theoretical and numerical properties of clouds, and relate them to histograms, cumulative
distribution functions, and likelihood ratios.
We show how to compute nonlinear transformations of clouds, using global optimization and constraint
satisfaction techniques. We also show how to compute rigorous enclosures for the expectation of arbitrary
functions of random variables, and for probabilities of arbitrary statements involving random variables, even
for problems involving more than a few variables.
Finally, we relate clouds to concepts from fuzzy set theory, in particular to the consistent possibility and
necessity measures of Jamison and Lodwick.

1

Introduction

This paper proposes the concept of a cloud, combining aspects of fuzzy sets, interval analysis,
and probability theory in a way suitable for calculations.
The need for a conceptual basis for combining probabilistic uncertainty, due to variability,
and fuzzy uncertainty, due to missing information or missing precision in concepts, models,
or measurements, has been known for a long time. The deficiencies of Monte Carlo methods
in the face of partial ignorance are well documented by Ferson et al. [10, 11]. A number
of alternatives have been explored. The history until about 10 years ago, and the problems
involved in the various approaches known are excellently described from complementary
point of views in a thesis by Williamson [37] and a book by Walley [34]. In the mean
time, the basic situation has not changed much, although computational advances make
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approaches using copulas (Springer [32]) or histograms (Moore [24]) more tractable; see,
e.g., [3, 12, 14, 22]. However, their applicability is limited to problems in very low dimension.
The scope of the present paper is to define and explain a new concept for capturing a mix of
probabilistic and fuzzy uncertainty that is able to handle also larger uncertainty problems by
being able to reduce calculations to global optimization and constraint satisfaction problems,
for which more and more efficient algorithms become available [1, 6, 16, 30].
A cloud is a new, easily visualized concept for uncertainty with a well-defined semantics,
mediating between the concept of a fuzzy set (see, e.g., [9, 18]) and that of a probability
distribution (see, e.g., [36]). In general, it contains more information than a fuzzy set but
less than a distribution. (This is in contrast with fuzzy intervals [18, p.16], which, although
having the same formal definition, have a completely different interpretation that contains
even less information than a fuzzy set.)
A cloud is to a random variable more or less what an interval is to a number. Roughly
speaking, a cloud can be described as a nested family of inner and outer confidence regions
to different confidence levels. It therefore contains more information than the results of
most traditional statistical calculations. Moreover, this information is in a form useful for
inferences under uncertainty.
Thin clouds in dimension 1 are formally almost identical to the confidence curves discussed
by Birnbaum [4, 5]. But while confidence regions (and curves) are traditionally used to
assess the reliability of parameter estimates, they are here used to describe regions containing
with a given probability scenarios of interest. Thus, criticism of confidence curves raised by
Kiefer [17] does not apply in the present context.
The concept of a cloud is nearly equivalent to the consistent possibility and necessity measures
introduced by Jamison & Lodwick [15], but our concept is phrased in a more intuitive
and less technical form, which is more suited for complex calculations.
The gain in flexibility is obtained by separating the algebraic aspects of clouds (related to
possibility and necessity, see Section 5) from the more basic relations to random variables
(and their associated measures), and by deemphasizing the set theoretic aspects in favor of
formulas featuring intervals and inequalities.
Several of the set-theoretical constructions in [15] are reformulated in a form suitable for the
application of traditional numerical techniques. Complex inferences are made possible by
deducing optimization problems whose solutions provide optimal lower and upper bounds for
probabilities and expectations. Previously, Ferson et al. [12], Kuznetsov [20] and Weichselberger [35] (cf. also Whittle [36, Chapter 12]) used optimization within research
on uncertain probability, but in different contexts.
Stetter [33] discussed in the context of a backward rounding error analysis of nonlinear
problems a “cloud of potential neighborhoods”. This is close in spirit but not equivalent
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(and less precise) to our concept of a cloud.
In the following, we assume familiarity with elementary interval analysis [23, 25,√27]. The
symbol u
tS denotes the interval hull of a set S of real numbers, and kxk = xT x the
Euclidean norm of a vector.
Section 2 introduces the basic concepts: clouds and their relations to intervals, fuzzy sets,
and probability intervals.
In Section 3, we show that histogram based approaches to uncertain probability, such as
advocated, e.g., in Moore [24], Berleant et al. [2, 3], Lüthi [22], are in some sense
equivalent to the special case of discrete clouds.
Similarly, we show in Section 4 that methods based on p-boxes (Ferson & Moore [13]), i.e.,
lower and upper cumulative distribution functions for univariate distributions are contained
in the present framework of clouds. Moreover, empirical clouds for a random vector x can
fairly easily be constructed when a sample of sufficiently many scenarios is available. The
ease of getting good clouds from data is one of the strengths of the new concept.
Section 5 has a more theoretical character. It discusses probability intervals and properties
needed to show how clouds, and some of the present development, are related to the consistent
possibility and necessity measures from Jamison & Lodwick [15].
Section 6 considers the computation of functions of a random variable or vector known to
lie in a cloud. The optimization approach given here is preferable to an approach based on
defining operations for uncertain random variables, since it avoids the dependence problem
inherent in the latter and familiar from interval arithmetic. (Interval arithmetic shows up,
of course, indirectly, in methods for solving the resulting global optimization problems.)
In Section 7 we show how to compute lower and upper bounds on expectations of functions
of a random vector. In Section 8, we do the same for the probability of statements defined
by equations and inequalities containing a random vector belonging to a cloud. Again, in
both cases, optimization problems result.
The numerical feasibility of all constructions is illustrated by applying them to the example
of an exponentially decaying spherical cloud in arbitrary dimensions.
The final Section 9 lists a number of open problems for further research.
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Figure 1: A cloud over R with an α-cut at α = 0.6
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Clouds and their interpretation

Formally, cf. Figure 1, a cloud over a set M is a mapping x that associates with each ξ ∈ M
a (nonempty, closed and bounded) interval x(ξ) such that
[
x(ξ) ⊆ [0, 1].
(1)
]0, 1[ ⊆
ξ∈M

x(ξ) = [x(ξ), x(ξ)] is called the level of ξ in the cloud x; x(ξ) and x(ξ) are the lower and
upper level, respectively, and x(ξ) − x(ξ) is called the width of ξ .
In many applications (not always, cf. Proposition 4.1, but roughly when x(ξ) ≈ 1 for ξ
near the modes of the associated distribution), the level x(ξ) may be interpreted as giving
lower and upper bounds on the degree of suitability of ξ ∈ M as a possible scenario for data
modelled by the cloud x. This degree of suitability can be given a probability interpretation
by relating clouds to random variables, see (2) below.
A cloud is called thin if x(ξ) = x(ξ) for all ξ ∈ M (the most informative case), and fuzzy
if x(ξ) = 0 for all ξ ∈ M (the least informative case). A fuzzy cloud yields a particular
interpretation for a fuzzy set with membership function x(ξ). The characteristic cloud of
a nonempty subset X of M is the fuzzy cloud χX with χX (ξ) = [0, 1] if ξ ∈ X and χX (ξ) = 0
otherwise. (There is no cloud corresponding to the empty set.)
We call the cloud x over M a subcloud of the cloud y over M0 , and write x ⊆ y (”x is
sharper than y”) or y ⊇ x (”y is a relaxation of x”) iff M ⊆ M0 and x(ξ) ⊆ y(ξ) for all
4

ξ ∈ M. Clearly,

x ∈ x, x ⊆ y

⇒

x ∈ y.

On the other hand, the intersection is not a natural operation on clouds; cf. Remark 3.2(iv)
below.
A (real or complex) cloudy number is a cloud over the set R of real numbers or over
the set C of complex numbers. χ[a,b] is the cloud equivalent of an interval [a, b], providing
support information without additional probabilistic contents. Thus cloudy numbers are
generalizations of fuzzy numbers and intervals; they convey some probabilistic information,
as detailed below.
Dependence or correlation between uncertain numbers (or the lack of it) can be modelled
by considering them jointly as components of a clouded vector. A (real or complex) cloudy
vector is a cloud over Rn or Cn .
We say that a random variable x with values in M belongs to a cloud x over M, and write
x ∈ x, if
Pr(x(x) ≥ α) ≤ 1 − α ≤ Pr(x(x) > α) for all α ∈ [0, 1].
(2)
Here Pr denotes the probability of the statement given as argument, and it is required that
the sets consisting of all ξ ∈ M with x(ξ) ≥ α (resp. x̄(ξ) > α) are measurable in the
σ-algebra on M consisting of all sets A ⊆ M for which Pr(x ∈ A) is defined. This gives
clouds a canonical interpretation as the class of random variables x with x ∈ x. For fuzzy
clouds, this interpretation is equivalent to the interpretation of fuzzy set membership degree
as an upper bound for probabilities, first advocated by Dubois et al. [8].

There is at least one random variable belonging to any given cloud. This result is surprisingly
difficult to prove; the proof will be given elsewhere (Neumaier [28]).
We may restate (2) by saying that the probability that a random variable x ∈ x belongs to
the upper α-cut
C α := {ξ ∈ M | x(ξ) > α}
is at least 1 − α, and the probability that x belongs to the lower α-cut
C α := {ξ ∈ M | x(ξ) ≥ α}
is at most 1 − α. This explains the annotation in Figure 1. Condition (1) ensures that the
lower α-cuts with α > 0 differ from M and that the upper α-cuts with α < 1 are nonempty,
which is necessary for these probability statements to make sense.
Thus the upper and lower α-cuts provide outer and inner confidence regions for ξ ∈ M
belonging to x at given confidence levels. Note that α-cuts form a family of nested sets.
In general, the shape of a cloud may be multimodal, and their α-cuts may be disconnected.
For example, it is easily checked that a random variable that takes the value ξ0 with certainty
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is contained in a cloud x iff x(ξ0 ) = [0, 1] (and other levels are completely arbitrary). Other,
more useful clouds are constructed in Sections 3 and 4.
If M is a metric space, the support Supp x of a cloud x over M is the closure of the set of
ξ ∈ M with x(ξ) 6= 0. A cloud x over M is compact if its support is compact, and bounded
if all α-cuts with α > 0 are bounded. Any compact cloud is bounded, but not conversely.
Although, superficially, Figure 1 looks like giving bounds on a probability density (as in
the approach of Yeh [38] to approximate probability), the latter is only indirectly related
to clouds. However, as we shall see in Sections 3 and 4, histograms, likelihood ratios,
and continuous cumulative distribution functions of real univariate random variables can be
interpreted in terms of clouds.
It is important to realize that x ∈ x implies stronger probability statements than requested
in (2):
2.1 Proposition.
(i) For an arbitrary statement St(x) involving a random variable x ∈ x, and its negation
¬ St(x),
Pr(St(x)) ≤ min(sup{x(ξ)| St(ξ)}, 1 − inf{x(ξ)| St(ξ)}),
(3)
Pr(St(x)) ≥ max(inf{x(ξ)|¬ St(ξ)}, 1 − sup{x(ξ)|¬ St(ξ)}).

(4)

(ii) For an arbitrary random variable x ∈ x and α ∈ [0, 1],
Pr(x(x) ≥ α) ≤ 1 − α ≤ Pr(x(x) > α),
Pr(x(x) ≤ α) ≤ α ≤ Pr(x(x) < α).

(5)

(iii) If x is thin (hence a real-valued function) then
Pr(x(x) < α) = Pr(x(x) ≤ α) = α,
Pr(x(x) > α) = Pr(x(x) ≥ α) = 1 − α.
Proof. (i) Let α = inf{x(ξ) | St(ξ)}. Then {ξ | St(ξ)} ⊆ C α , so that by (2), Pr(St(x)) ≤
Pr(x ∈ C α ) ≤ 1 − α, giving α ≤ Pr(St(x)). Similarly, for β = sup{x(ξ) | St(ξ)}, we have
C β ∩ {ξ | St(ξ)} = ∅, and by (2), Pr(St(x)) ≤ 1 − Pr(x ∈ C β ) ≤ β. This proves (3), and (4)
then follows by applying 1 − Pr(St(x)) = Pr(¬ St(x)) to (3) with ¬ St(x) in place of St(x).
(ii) The first formula is just the definition, and (5) follows since probabilities of complementary statements add up to 1.
(iii) The thin case is an immediate consequence of (5) and (2).
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2.2 Corollary. A random variable belongs to a cloud x iff it belongs to its mirror cloud
x0 = 1 − x with
x0 (ξ) = 1 − x(ξ) = [1 − x(ξ), 1 − x(ξ)] for all ξ ∈ M.

Proof. This follows from Proposition 2.1 since after substituting 1 − α for α, (5) becomes
(2) for the mirror cloud.
t
u
But note that the mirror cloud of a compact or bounded cloud over an unbounded set is
neither compact nor bounded.
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Discrete clouds and histograms

We call a cloud x discrete if the level x(ξ) only takes finitely many values a1 , . . . , am . In
this case, the cloud is completely specified by these intervals together with a description of
the sets
Xl = {ξ ∈ M | x(ξ) = al }.
(6)
If these sets are sufficiently simple (for example, boxes) then one has a versatile explicit
description of the cloud, which may be useful in applications.

Frequently, partial information about a random variable (a random vector) is described by
histograms. For our purposes, a histogram is a finite, ordered collection of pairs (X l , pl ), l =
1, . . . , m, consisting of pairwise disjoint sets Xl partitioning M and nonnegative relative
frequencies pl summing to one. A random variable x belongs to such a histogram if
Pr(x ∈ Xl ) = pl

for l = 1, . . . , m.

(7)

Our next result shows that histograms are in one-to-one correspondence with special discrete
clouds, in such a way that the property (7) precisely characterizes the random variables
belonging to these clouds.
In particular, this enables one to construct clouds from samples of discrete probability distributions, or (after discretization) of continuous distributions in low dimensions.
3.1 Theorem. Let (Xl , pl ), l = 1, . . . , m be a histogram, and define the cloud x by
x(ξ) := [αl−1 , αl ] for all ξ ∈ Xl ,

(8)

X

(9)

where
α0 = 0,

αl =

pk

for L > 0.

k≤l

Then
x∈x

⇔

Pr(x ∈ Xl ) = pl for l = 1, . . . , m.
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(10)

Proof. The intervals (8) are well-defined since αl − αl−1 = pl ≥ 0.
(i) We first prove the relation
Pr(x ∈ Xl ) ≥ pl .

(11)

This is trivial if pl = 0, hence we may assume that pl > 0. Let
Al := X1 ∪ . . . ∪ Xl ,

A0 = ∅.

The lower bound of (5) gives for α = αk−1 the bound
³
´
[
Xl = Pr(x(x) ≤ αk−1 ) ≤ αk−1 .
Pr(x ∈ Ak−1 ) = Pr x ∈
αl ≤αl−1

The upper bound of (5) gives for αk−1 < α < αk the bound
³
´
[
Pr(x ∈ Ak ) = Pr x ∈
Xl = Pr(x(x) < α) ≥ α.
αl−1 <α

Taking the limit α → αk , we find Pr(x ∈ Ak ) ≥ αk . Therefore
Pr(x ∈ Xk ) = Pr(x ∈ Ak ) − Pr(x ∈ Ak−1 ) ≥ αk − αk−1 = pk .
Thus (11) holds in general. If strict inequality holds for some l then summation over all l
gives the contradiction
m
m
m
³
´
X
X
[
1 =
pl <
Pr(x ∈ Xl ) = Pr x ∈
Xl
l=1

l=1

l=1

= Pr(x ∈ M) = 1.

Therefore, this is impossible, and (11) holds with equality. This proves the forward implication of (10).
(ii) Conversely, assume the right hand side of (10), and let α ∈ [0, 1]. With k such that
αk ≤ α < αk+1 , we have
´ X
³
[
pl
Xl =
Pr(x(x) > α) = Pr x ∈
αl >α
αl >α
X
=
pl = 1 − αk ≥ 1 − α.
l>k

Similarly, with k such that αk < α ≤ αk+1 , we have
³
´
[
X
Pr(x(x) ≥ α) = Pr x ∈
Xl =
pl
=

X

αl−1 ≥α

l−1>k

αl−1 ≥α

pl = 1 − αk+1 ≤ 1 − α.

Thus (2) holds, which gives x ∈ x. This proves the reverse implication of (10).
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3.2 Remark. (i) For different permutations of a histogram, this construction produces different clouds, all with the property (10).
(ii) For univariate histograms with interval supports, there is a distinguished natural permutation that arranges the supports by increasing midpoint, leading to a sigmoid-shaped
cloud.
(iii) Another natural arrangement, by increasing probability, is possible for histograms in all
dimensions. It is consistent with the interpretation of the level as degree of suitability, and
may be preferable in applications even in the univariate case, where it leads to a bell-shaped
cloud.
(iv) The theorem shows again (as already Corollary 2.2) that the same set of random variables
may be characterized by different clouds. This illustrates that it is impossible to define the
intersection as a natural operation on clouds.
3.3 Corollary. For every random variable x taking finitely many values only, there is a
discrete cloud containing x but no random variable with a different distribution.
Proof. Label the m values that x can take arbitrarily as ξ1 , . . . , ξm , and put M = {ξ1 , . . . , ξm }.
Then Xl = {ξl }, pl = Pr(x = ξl ) defines a histogram. The theorem gives an associated cloud
with
x ∈ x ⇔ Pr(x = ξl ) = pl for l = 1, . . . m,
t
u

characterizing the distribution of x.

When the value intervals of a discrete cloud are strictly overlapping, there is no longer a direct
histogram interpretation. But we can view such a cloud as a kind of uncertain histogram,
standing for the family of all histograms corresponding to subclouds of the form (8).

4

Continuous clouds

Theorem 3.1 shows that, in principle, clouds can approximate arbitrary distributions arbitrarily well. However, for many purposes, and in particular for higher-dimensional applications, histograms are very cumbersome or expensive to use, and continuous representations
are preferable.
We shall see that, using cumulative distribution functions (CDFs), certain continuous clouds
(those that are thin and monotone) can describe univariate continuous distributions exactly.
In the multivariate case, a continuous cloud is found to code only for information contained
in a single statistic of a distribution. This suggests the construction of clouds from simple,
user-defined potential functions.
9

4.1 Proposition. If x is a real random variable with continuous cumulative distribution
function F (ξ) = Pr(x ≤ ξ) then x(ξ) := F (ξ) defines a thin cloud x with the property that
a random variable belongs to x iff it has the same distribution as x.
Proof. Since x is thin, (2) shows that x̃ ∈ x iff, for all α,
Pr(F (x̃) ≥ α) = Pr(F (x̃) > α) = 1 − α,
i.e., iff Pr(F (x̃) < α) = Pr(F (x̃) ≤ α) = α. Since F is continuous and monotone, this holds
iff x̃ has F as a CDF.
t
u
Note that clouds corresponding to Proposition 4.1 have x(ξ) ¿ 1 near the modes, and hence
cannot be interpreted in terms of a degree of suitability.
The CDF F (ξ) of a real random variable x has the property that F (x) is a uniformly distributed random variable. While Proposition 4.1 cannot be generalized to higher dimensions,
the uniformity property extends as follows, showing that thin clouds form a natural generalization of continuous CDFs. (But even in the univariate case, thin clouds are more general
than continuous CDFs.)
4.2 Proposition.
(i) If ϕ(x) is uniformly distributed in [0, 1] and ϕ(ξ) ∈ x(ξ) for all ξ ∈ M then x ∈ x.
(ii) If x is thin and x ∈ x then x(x) is a random variable uniformly distributed in [0, 1].
Proof. (i) In this case, Pr(ϕ(x) ≥ α) = 1 − α = Pr(ϕ(x) > α), which implies (2) and hence
x ∈ x.
(ii) This is simply a restatement of Proposition 2.1(iii).

t
u

(ii) says that from a thin cloud x one can create a statistic which has a precise probability
distribution. However, unless the level mapping x is bijective (which, under continuity,
forces the univariate case, where Proposition 4.1 applies), this does not say anything about
the marginal distribution of x on level sets {ξ | x(ξ) = α} of the cloud x. Indeed, an arbitrary
marginal distribution on each level set is compatible with the information contained in the
cloud. In particular, on dimensional grounds, multivariate distributions generally contain
much more information than a continuous cloud can convey.
On the other hand, cloud information is much easier to collect and use. If histogram information is available, we can use Theorem 3.1. If a sufficiently large sample of scenarios
is available, we can use instead a potential-based approach, which represents the level x(ξ)
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as an interval-valued function of a fixed, user-defined, real-valued potential function V (ξ).
Frequently, a quadratic potential
V (ξ) = kR(ξ − µ)k2

(12)

is appropriate, where µ is a sample mean, and R is a suitable matrix; see, e.g., (18) below.
4.3 Theorem. Let x be a random variable with values in M, and let V : M → R be bounded
below. Then
x(ξ) := [Pr(V (x) > V (ξ)), Pr(V (x) ≥ V (ξ))]
(13)
defines a cloud x with x ∈ x, whose α-cuts are level sets of V . The cloud is thin if V (x) has
a continuous distribution.

Proof. We may write (13) as
x(ξ) := [α(V (ξ)), α(V (ξ))],

(14)

where
α(u) = Pr(V (x) ≥ u).

α(u) = Pr(V (x) > u),
If α = α(u) for some u ∈ R then

(15)

Pr(x(x) ≥ α) = Pr(α(V (ξ)) ≥ α = α(u)) = Pr(V (x) ≤ u)
= 1 − Pr(V (x) > u) = 1 − α(u) = 1 − α,
and if no such u exists, a limit argument gives Pr(x(x) ≥ α) ≤ 1 − α. Similarly, If α = α(u)
for some u ∈ R then
Pr(x(x) > α) = Pr(α(V (ξ)) > α = α(u)) = Pr(V (x) < u)
= 1 − Pr(V (x) ≥ u) = 1 − α(u) = 1 − α,
and if no such u exists, a limit argument gives Pr(x(x) > α) ≥ 1 − α. Thus (2) holds, so
that x ∈ x.
t
u
In particular, since the potential function can be chosen freely, there are many clouds containing a random variable or a random vector with a given distribution.
In most cases, the probabilities are not precisely known (since they are estimated from a
sample), and it is appropriate to work in place of (15) with an assumed lower bound α(u) for
Pr(V (x) > u) and an assumed upper bound α(u) for Pr(V (x) ≥ u). (These can be computed
from the Kolmogorov-Smirnov distribution [19], using a suitable – fixed – confidence level.)
In this case, the cloud (14) is still a cloud x with x ∈ x, whose α-cuts are level sets of V .
We call a cloud of the form (14) a potential cloud and the functions α, α : R → [0, 1] its
potential level maps.
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Potential clouds are determined by the potential (which is generally taken to have a simple
analytic form) and the potential level maps (which are univariate functions). This very
economical representation makes them highly suitable for modelling uncertain probabilities
in higher dimensions, where histograms are no longer useful.
4.4 Remark. The potential construction can be related to a Bayesian perspective of probability theory. Let x be a random variable with values in M, and assume that expectations
of functions of x can be written as
Z
hf (ξ)i = f (ξ)q(ξ)dµ(ξ),
(16)
where µ is a measure on M. We can interpret q(ξ) as the relative density of x with respect
to the prior distribution µ. (Thus the measure characterizing the distribution of x is
absolutely continuous, and q(ξ) is its Radon-Nikodym derivative with respect to the prior.)
The canonical cloud of the random variable x with respect to the prior µ is the cloud x
defined by
(17)
x(ξ) = Pr(q(x) < q(ξ)), x(ξ) = Pr(q(x) ≤ q(ξ)).
Note that the canonical cloud depends on the prior, and hence is not determined by the
distribution of x alone!
For M = Rn and continuous q, the canonical cloud is thin. In most cases where the relative
density can be given explicitly, it has the form
q(ξ) = C exp(−βV (ξ))
with a continuous potential V ; in this case,
x(ξ) = Pr(V
Z (x) > V (ξ)) = Pr(V (x) ≥ V (ξ))
= C
f (ξ) exp(−βV (ξ))dµ(ξ).
V (ξ)≥V (ξ)

This shows that we have a particular case of the above potential construction. If, with
respect to Lebesgue measure, the distribution of x has density ρ(ξ) and the prior has density
ρ0 (ξ) then dµ(ξ) = ρ0 (ξ)dξ,
q(ξ) = ρ(ξ)/ρ0 (ξ)
is a likelihood ratio, and V (ξ) = const − β −1 log(ρ(ξ)/ρ0 (ξ)). In particular, the canonical
cloud of a multivariate Gaussian distribution with respect to a noninformative, uniform prior
corresponds to a quadratic potential (12). In this case, it is easy to see that R is related to
the covariance matrix C of the distribution by the relation
RT R = C −1 ,
and can be chosen, e.g., as the upper triangular Cholesky factor of C −1 .
12

(18)

There are also relations to the surprise approach to fuzzy modelling, presented in Neumaier
[29]. A surprise function defines the potential but not the level map. The level can be
interpreted as bounds on membership levels of scenarios. The latter can be defined by means
of fuzzy criteria, translated into surprise using the techniques of [29], to get a potential V (x).
Now a given sample of scenarios xl determines a list of potential values V (xl ), from which
an empirical CDF for V (x) can be constructed. Using error bounds computed from the
Kolmogorov-Smirnov distribution at a suitable (fixed) confidence level, we get lower and
upper levels defining the cloud. Details and examples will be discussed in another paper
(Lodwick et al. [21]).

5

Probability, possibility and necessity

This section relates clouds to more traditional concepts in the theory of uncertainty. We
first cast Proposition 2.1 in a set theoretic form.
We define the probability interval p(x|A) of x with respect to a subset A of M by
p(x|A) = [p(x|A), p(x|A)],

(19)

p(x|A) = inf x(ξ)

(20)

p(x|A) = sup x(ξ);

(21)

with the lower probability
ξ6∈A

and the upper probability
ξ∈A

here inf ξ∈∅ = 0, supξ∈∅ = 1. (Lower and upper probability are frequently discussed in the
literature, starting with Dempster [7], but apart from the relation to possibility theory
exhibited below, our concept seems to have little connection with other work on this topic.)
5.1 Proposition. All probability intervals p(x|A) are nonempty. Moreover, for an arbitrary
random variable x ∈ x and any measurable subset A of M,
Pr(x ∈ A) ∈ P(x|A) := p(x|A) ∩ p(1 − x|A) for all A,

(22)

and any random variable x with this property is in x.
Proof. The definition of the lower and upper probability implies that x(ξ) ≤ p(x|A) for ξ ∈ A
and x(ξ) ≥ p(x|A) for ξ 6∈ A; thus the union of all x(ξ) is a subset of [0, p(x|A)] ∪ [p(x|A), 1].
Therefore (1) implies that p(x|A) ≤ p(x|A). Thus p(x|A) is nonempty.
To prove (22) we note that
p(1 − x|A) = sup(1 − x(ξ)) = 1 − inf x(ξ) = 1 − p(x|¬A),
ξ∈A

ξ∈A
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and similarly p(1 − x|A) = 1 − p(x|¬A). Hence p(1 − x|A) = 1 − p(x|¬A). This, together
with Pr(x ∈ A) ∈ p(x|A), which follows directly from (3) and (4), and
Pr(x ∈ A) = 1 − Pr(x 6∈ A) ∈ 1 − p(x|¬A)
implies (22). Conversely, let x be a random variable satisfying (22) for all measurable subsets
A of M. Then
Pr(x ∈ C α ) ≥ p(1 − x|C α ) = inf (1 − x(ξ)) = 1 − α,
ξ6∈C α

Pr(x ∈ C α ) ≤ p(1 − x|C α ) = sup (1 − x(ξ)) = 1 − α.
ξ∈C α

Thus (2) holds, showing x ∈ x.

t
u

Note that
P(x|¬A) = 1 − P(x|A),

(23)

while the analogous formula for the defining upper and lower probabilities generally does
not hold.
To formulate the next result, we define between intervals p, q the order relation
p ≤w q

p ≤ q, p ≤ q,

⇔

and the operations
min(p, q) = [min(p, q), min(p, q)],

max(p, q) = [max(p, q), max(p, q)].

5.2 Proposition. (Properties of probability intervals)
p(x|∅) = 0,
A⊆B

⇒

p(x|M) = 1,

(24)

p(x|A) ≤w p(x|B),

(25)

p(x|A ∩ B) ≤w min(p(x|A), p(x|B)),

(26)

p(x|A ∩ B) = min(p(x|A), p(x|B)),

(28)

max(p(x|A), p(x|B)} ≤w p(x|A ∪ B),
p(x|A ∪ B) = max(p(x|A), p(x|B)).

(27)
(29)

Proof. (24) follows directly from the definition. Let A ⊆ B. Then ξ 6∈ B ⇒ ξ 6∈ A, hence
p(x|B) = inf x(ξ) ≥ inf x(ξ) = p(x|A),
ξ6∈B

ξ6∈A

and ξ ∈ A ⇒ ξ ∈ B, hence
p(x|A) = sup x(ξ) ≤ sup x(ξ) = p(x|B).
ξ∈A

ξ∈B
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This implies (25). (26) follows from (25) since A∩B ⊆ A and ⊆ B, and (27) since A∪B ⊇ A
and ⊇ B. (28) follows from (20) since ξ 6∈ A ∩ B iff ξ 6∈ A or ξ 6∈ B, and (28) from (21) since
ξ ∈ A ∪ B iff ξ ∈ A or ξ ∈ B.
t
u
In particular, p satisfies the traditional axioms [9] for a possibility measure, and p those for
a necessity measure.
From this result, it is easily seen that clouds are nearly the same as the consistent possibility
and necessity measures (CPNMs) introduced by Jamison & Lodwick [15]. To make the
connection, we use their terminology but without giving details. [15] considers a triple
(nec, µ, pos) consisting of a necessity measure nec, a nonnegative measure µ and a possibility
measure pos such that µ(A) ⊆ p(A) := [nec(A), pos(A)] for all measurable A ∈ M. Upon
identifying p(A) with p(x|A) and µ(A) with Pr(x ∈ A), this becomes the statement Pr(x ∈
A) ⊆ p(x|A) contained in (22).
Several of the set-theoretical constructions in [15] are reformulations of techniques discussed
above, although in a computationally less accessible form. Our construction in Theorem 4.3
is essentially the construction in their Theorem 2 of a CPNM from a possibility nest E λ
which gives rise to a potential vial V (x) = const − inf{r | x ∈ Er }. (Their construction
requires an additional continuity assumption – their Definition 4(3) – which is not needed in
our setting.) Our composition construction in Theorem 6.1 is essentially equivalent to the
construction in their Theorem 5. They also show how to compute bounds on expectations,
assuming a monotonicity assumption which allows one to avoid solving a global optimization
problem (as required in our Section 6). However, the set theoretic nature of their setting
makes working with a CPNM clumsy to use, and they lack simple recipes for constructing
probability nests from sampled scenarios.
Finally, we mention a relation to the Dempster-Shafer theory of plausibility and belief (or
credibility) functions (see, e.g. Shafer [31]). If we define the credibility Cr(x|A) and the
plausibility Pl(x|A) by
P(x|A) = [Cr(x|A), Pl(x|A)],
(30)
then (23) implies
Cr(x|A) = 1 − Pl(x|¬A),

Pl(x|A) = 1 − Cr(x|¬A).

Moreover, the relations (24)–(27) (but not (28)–(29)) remain valid with P in place of p, with
corresponding implications for Cr(x|A) and Pl(x|A).
If x is a fuzzy cloud then Pl(x|A) = p(x|A) satisfies the axioms for a possibility measure and
Cr(x|A) = 1 − p(x|¬A) satisfies the axioms for a necessity measure; but for general clouds,
this is no longer the case. Neither do Pl and Cr satisfy in general the Dempster-Shafer
axioms for plausibility and belief functions, although they do for fuzzy clouds.
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6

Transformation of clouds

A frequently occurring situation is that one wants to obtain information on a random variable
or random vector z defined in terms of another random variable or random vector x. We
assume that x takes values in M, and z is defined in terms of a mapping F : M → M0
by z := F (x). If the information about x is uncertain, one can only hope to get uncertain
information about z. In the following, we show how the information that x belongs to a cloud
x can be used to obtain a cloud z containing F (x). The symbol ◦ denotes the composition
of mappings.
6.1 Theorem. (i) If x, z are clouds satisfying
x⊆z◦F

(31)

then
x∈x

⇒

F (x) ∈ z.

(32)

(ii) Any cloud z satisfying (31) contains the cloud F (x) defined by
F (x)(ζ) := u
t{x(ξ) | F (ξ) = ζ}.

(33)

Proof. (i) Let F −1 (A) denote the preimage of a subset A ∈ M0 under F . Then
p(x|F −1 (A)) =
=
p(x|F −1 (A)) =

inf

ξ6∈F −1 (A)

inf

ξ6∈F −1 (A)

z(F (ξ))

inf z(F (ξ)) ≥ inf z(ζ) = p(z|A),
ζ6∈A

F (ξ)6∈A

sup
ξ∈F −1 (A)

=

x(ξ) ≥

x(ξ) ≤

sup

z(F (ξ))

ξ∈F −1 (A)

sup z(F (ξ)) ≤ sup z(ζ) = p(z|A).
ζ∈A

F (ξ)∈A

Therefore
Pr(F (ξ) ∈ A) = Pr(ξ ∈ F −1 (A)) ∈ p(x|F −1 (A)) ⊆ p(z|A),
which implies (32).
(ii) If z satisfies (32) and F (ξ) = ζ then
x(ξ) ⊆ (z ◦ F )(ξ) = z(F (ξ)) = z(ζ),
hence z(ζ) contains all x(ξ) with F (ξ) = ζ. Therefore it contains F (x)(ζ). Since this holds
for all ζ, we find F (x) ⊆ z.
t
u
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6.2 Example. For the thin cloud in Rn defined by x(ξ) = e−λkξk for some λ > 0, we
determine the optimal cloud containing z = aT x. By (33), we have
−λkξk
F (x)(ζ) = u
| aT ξ = ζ}
t{e
−λr
= u
| ∃ξ : aT ξ = ζ, kξk = r}
t{e
−λr
= u
| r ≥ |ζ|/kak} = [0, e−λ|ζ|/kak ].
t{e

Thus z = F (x) is defined by
z(ζ) = [0, e−β|ζ| ],

β = λ/kak.

While (33) gives the optimal cloud representing the information on z = F (x) that can be
inferred from x ∈ x, it is difficult to compute in practice. It is therefore of interest to find a
suboptimal cloud with a computationally more tractable shape. We first give a recipe that
checks whether a proposed cloud has the required property (31), and then show how this
can be used to construct such a cloud.
6.3 Corollary. Let x ∈ x, and let
X = {ξ ∈ M | x(ξ) < z(F (ξ))},
X = {ξ ∈ M | x(ξ) > z(F (ξ))}.

Then

X=X=∅

⇒

F (x) ∈ z.

Proof. If X = X = ∅ then, for all ξ ∈ M,
z(F (ξ)) ≤ x(ξ), x(ξ) ≤ z(F (ξ)),
which is equivalent with x(ξ) ⊆ z ◦ F (ξ).

t
u

Note that checking the emptiness of X or X is a standard constraint satisfaction problem
that can be solved by interval techniques. If we are prepared instead to solve two global
optimization problems, we get following explicit construction. (We write s + = max(s, 0)).
6.4 Theorem. Let z be a cloud on M0 and let
³
³
x(ξ) ´
1 − x(ξ) ´
δ ≥ 1 − inf
, ε ≥ 1 − inf
.
ξ∈M z(F (ξ)) +
ξ∈M 1 − z(F (ξ)) +

(34)

Then the cloud z0 defined by

z0 (ζ) = [(1 − δ)z(ζ), ε + (1 − ε)z(ζ)]
satisfies F (x) ∈ z0 .
17

(35)

Proof. (34) implies that x(ξ) ≥ (1 − δ)z(F (ξ)) and 1 − x(ξ) ≥ (1 − ε)(1 − z(F (ξ))), hence
x(ξ) ≤ ε + (1 − ε)z(F (ξ)). Thus Corollary 6.3 applies with z0 in place of z.
t
u
Thus we first guess a cloud z and then correct it to have the required properties. The
constraint satisfaction problems or global optimization problems can be solved by standard
branch and bound methods [1, 6, 16, 30]. Suboptimal bounds may be obtained cheaper using
simple interval arithmetic or centered forms, or, for clouds constructed from a quadratic
potential, using ellipsoid arithmetic [26].

7

Expectations from clouds

Applications frequently require the estimation of expected values hf (x)i of some expression
f (x) in a random variable x, or its mean square deviations h(f (x) − µ)2 i of f (x) from some
nominal value µ. If the random variable is uncertain and only known to lie in a given cloud
x, it is therefore of interest to bound the expectation of arbitrary expressions in x ∈ x.
The situation is simplest for thin clouds.
7.1 Theorem. Let x be a thin cloud over M, and let f : M → R be a measurable function.
Then, for any grid
0 = α0 < α1 < . . . < αn = 1,
(36)
we have
hf (x)i ∈

n
X
l=1

(αl − αl−1 )u
t{f (ξ) | αl−1 < x(ξ) ≤ αl }.

Moreover, with lower and upper Riemann integrals,
Z
Z
dα inf{f (ξ) | x(ξ) = α} ≤ hf (x)i ≤
−

−

dα sup{f (ξ) | x(ξ) = α}.

Proof. Writing α−1 = −1 and fl := u
t{f (ξ) | αl−1 < x(ξ) ≤ αl }, we have
n
X
f (ξ) ∈
fl χ(αl−1 < x(ξ) ≤ αl )
l=0

for all ξ ∈ M, hence, by linearity of the expectation,
n
X
hf (ξ)i ∈
fl Pr(αl−1 < x(ξ) ≤ αl )
l=0

=

n
X
l=0

=

n
X
l=1

fl (Pr(x(ξ) ≤ αl ) − Pr(x(ξ) ≤ αl−1 ))
fl (αl − αl−1 )
18

(37)

(38)

by Proposition 2.1, giving (37). Letting the grid become arbitrarily fine then gives (38).

t
u

For clouds that are not thin, the above argument breaks down since only inequalities for
probabilities are available. However, a more sophisticated linear programming approach
produces useful bounds. Again, we consider a grid (36) and define
Ai := {ξ | αi−1 < x(ξ) ≤ αi },

Ai := {ξ | αk−1 < x(ξ) ≤ αk }.

With the unknown probabilities
pik := Pr(x ∈ Ai ∩ Ak )

(39)

and arbitrary computable enclosures
{f (ξ) | ξ ∈ Ai ∩ Ak } ∈ fik ,
we then have
f (ξ) ∈
for all ξ ∈ M, hence

X
i,k

(40)

fik χ(ξ ∈ Ai ∩ Ak )

hf (x)i ∈

X

fik pik .

(41)

i,k

The sum in (41) can be restricted to all pairs in the set
E := {(i, k) | Ai ∩ Au 6= ∅}

(42)

since pik = 0 for (i, k) 6∈ E. Since ξ ∈ Ai ∩ Ak implies αi−1 < x(ξ) ≤ x(ξ) ≤ αk , E only
contains pairs with i ≤ k. Moreover, for narrow clouds and fine grids, all pairs in E have
k − i a small integer. To exploit relations (41) we need to use restrictions on the p ik implied
by x ∈ x. Proposition 2.1 gives the inequalities
X
X
pik ,
(43)
pik ≤ αl ≤
(i,k)∈E
i≤l

(i,k)∈E
k≤l

and we also have the trivial inequalities
pik ≥ 0,
(41) now implies that
f = min

n X

X

pik = 1.

(44)

(i,k)∈E

(i,k)∈E

¯
o
¯
f ik pik ¯(43), (44)
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(45)

f = max

n X

(i,k)∈E

define an enclosure

¯
o
¯
f ik pik ¯(43), (44)

(46)

hf (x)i ∈ [f , f ].

Clearly, the bounds become optimal in the limit where the grid becomes arbitrarily fine.
(45) and (46) can be computed by linear programming techniques. Bounds (40) needed
to determine the coefficients can be obtained by global optimization, or in simple cases by
interval arithmetic or analytic estimates. It is worth remarking that upon refining a grid,
part of the work spent in the old bound computation for (40) can be re-used if the points
where the extrema are achieved are stored; only the parts not containing the extrema need
to be recalculated.
For other uses of optimization techniques in related contexts, see Kuznetsov [20], Weichselberger [35], Ferson et al. [12].
7.2 Example. For the thin cloud in Rn defined by x(ξ) = e−λkξk for some λ > 0, we have
x(ξ) = α iff kξk = λ−1 log α−1 , hence (38) gives
Z −
T
ha xi ≤
dα sup{aT ξ | kξk = λ−1 log α−1 }
Z 1
dαkakλ−1 log α−1
=
0 µ
¶
Z 1
kak
−1 1
−1 0
=
[α log α ]0 −
dα(log α )
λ
0
Z
´ kak
1
kak ³
0−
dα(−1) =
.
=
λ
λ
0
Replacing a by −a gives a lower bound, combining to the enclosure
haT xi ∈ [−q, q], q = λ−1 kak.

(47)

Note that our expectation bounds are only vaguely related to the lower and upper previsions
discussed, e.g., in Walley [34].

8

Probabilities from clouds

Apart from expectations, applications frequently require bounds on probabilities. The formulas from Proposition 2.1 are not yet in a form directly useful for computations. Indeed,
probability statements of interest in practice are usually about membership of a random
variable in a set implicitly defined by equations and inequalities. In terms of extended intervals b = [b, b] with lower bounds b ∈ R ∪ {−∞} and upper bounds b ∈ R ∪ {∞}, we may
write an equation f (x) = b as enclosure f (x) ∈ [b, b], and inequalities f (x) ≥ b or f (x) ≤ b
20

as enclosures f (x) ∈ [b, ∞] or f (x) ∈ [−∞, b], respectively. Therefore, enclosures of the form
f (x) ∈ b capture both equations and inequalities. A set defined by the simultaneous validity
of several equations or inequalities can therefore always be written as the set of x satisfiying
a vector enclosure
F (x) ∈ F
(48)

where F ∈ I∗ Rm is an extended box and F : M → Rm . The following result reduces the
computation of bounds for the probability of the statement (48), given a random variable
x ∈ x, to bounding the objective function of two optimization problems.
8.1 Theorem. Let x be a cloud over M. Then, for every random variable x ∈ x, we have
Pr(F (x) ∈ F) ∈ [p, p]

(49)

p ≤ inf{x(ξ) | F (ξ) 6∈ F},

(50)

p ≥ sup{x(ξ) | F (ξ) ∈ F}.

(51)

for arbitrary p, p ∈ [0, 1] satisfying

Proof. Let A = {ξ ∈ M | F (ξ) ∈ F}. Then
Pr(F (x) ∈ F) = Pr(x ∈ A) ∈ p(x|A) ≥ p(x|A)
= inf x(ξ) = inf x(ξ) ≥ p,
ξ6∈A

F (ξ)6∈F

and similarly
Pr(F (x) ∈ F) ≤ p(x|A) = sup x(ξ) = sup x(ξ) ≤ p.
ξ∈A

F (ξ)∈F

t
u
To get the best possible probability bounds valid for all random variables in a cloud, we
need to take the intersection of (49) for the cloud x and its mirror cloud 1 − x, with p and
p chosen to satisfy equality in (50) and (51). Note that, although optimal, the bounds (49)
are usually conservative when applied to a particular random variable belonging to a cloud,
since the bounds must account for all other random variables in the same cloud, too.
The computation of the bounds (50) and (51) requires the solution of two global optimization problems, which can be done by interval techniques combined with branch and bound
(Kearfott [16]). The process can be speeded up, however, since in many cases the bounds
are needed only with low accuracy. Moreover, for many practically relevant conditions (48),
the resulting optimization problems have a unique local extremum, making the global search
much more tractable than for general global optimization problems. In simple cases, the
optimal bounds can even be calculated analytically:
21

8.2 Example. For the thin cloud in Rn defined by x(ξ) = e−λkξk for some λ > 0, we want
to bound the probability that x ∈ x lies in the half plane defined by aT x ≥ α. The optimal
bounds are given by
p = inf{e−λkξk | aT ξ < α} = 0,
p = sup{e−λkξk | aT ξ ≥ α} = e−λ max(α,0)/kak

since max(α, 0) ≤| aT ξ| ≤ kak kξk. Thus we get a nontrivial bound
Pr(aT x ≥ α) ≤ e−λα/kak

if α > 0.

(52)

The bound decays exponentially with increasing α.
In many cases, it is only required to check whether a risk probability is small enough. In
this case, the following, simpler criterion applies. Again, the criterion is best possible, given
only the information in the cloud.
8.3 Corollary. If the constraints
F (ξ) ∈ F,

x(ξ) ≥ δ

(53)

have no solution then
Pr(F (x) ∈ F) < δ.
Proof. In this case, the supremum in (51) is < δ, and the claim follows from (49).

(54)
t
u

Checking the solvability of (52) is a standard constraint satisfaction problem, that can again
be treated by branch and bound.

9

Open problems

We end by listing a number of open problems for further research, together with a few
comments.
Problem 1. Provide good implementations of the procedures presented here for calculating
with clouds.
Problem 2. Combine a cloud x containing x with a cloud y containing y to a cloud
z containing z = (x, y). It would be interesting to have constructions of optimal clouds
containing z that are compatible with the information in the clouds x and y and contain
parameters which allow the user to control the amount and form of assumed dependence.
This involves the use of copulas [32] for specifying the degree of dependence of x and y.
22

Problem 3. Find ways to get optimal enclosures for expectations hf (x, y)i and probabilities
Pr(F (x, y) ∈ F), given the knowledge of a cloud x containing x and a cloud y containing y,
possibly together with some dependence information.
Problem 4. The same as Problems 2 and 3, but for more than two arguments.
Problem 5. We have seen in Examples 6.2, 7.2 and 8.2 that for the example of an exponentially decaying spherical cloud in arbitrary dimensions, the optimization problems posed
in the present paper can be solved in closed form. Find other useful special cases where this
is possible.
Problem 6. Translate lower and upper bounds on a probability density (as in Yeh [38])
into a good description in terms of clouds.
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